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Abstract. Let H be a 3-partite 3-uniform hypergraph, i.e. a 3-uniform hy-
pergraph such that every edge intersects every partition class in exactly one
vertex, with each partition class of size n. We determine a Dirac-type vertex
degree threshold for perfect matchings in 3-partite 3-uniform hypergraphs.
1. Introduction
A perfect matching in a graph G is a set of vertex-disjoint edges, which covers
all vertices of G. Tutte [21] gave a characterization of all graphs that contain a
perfect matching. An easy consequence of a celebrated theorem of Dirac [8] is that
if G is a graph of even order n and minimum degree δ(G) ≥ n/2, then G contains
a perfect matching. Thus, it is natural to ask for Dirac-type degree thresholds for
perfect matchings in hypergraphs.
We follow the notation of [4] and denote by
(
U
k
)
the set of all k-element subsets
of a set U . We will often write a k-set to mean a k-element set. A k-uniform
hypergraph, or k-graph for short, is a pair H = (V (H), E(H)), where V (H) is a
finite set of vertices and the edge set E(H) is a set of k-subsets of V (H). Often we
write V instead of V (H) when it is clear from the context. A matching M in H is
a set of vertex-disjoint edges of H , and it is perfect if M covers all vertices of H .
Clearly, a perfect matching only exists if |V | is divisible by k.
Given a k-graph H and an l-set T ∈ (Vl ), let deg(T ) be the number of (k− l)-sets
S ∈ ( Vk−l) such that S∪T is an edge in H . Let δl(H) be the minimum l-degree of H ,
that is, min deg(T ) over all T ∈ (Vl ). We define ml(k, n) to be the smallest integer
m such that every k-graph H of order n satisfying δl(H) ≥ m contains a perfect
E-mail addresses: s.a.lo@bham.ac.uk, klas.markstrom@math.umu.se.
Date: July 16, 2018.
Key words and phrases. hypergraph, k-partite, perfect matching, minimum degree.
A. Lo was supported by the European Research Council under the European Union’s Seventh
Framework Programme (FP/2007–2013) / ERC Grant Agreement n. 258345.
1
2 PERFECT MATCHINGS IN 3-PARTITE 3-UNIFORM HYPERGRAPHS
matching. Hence, we always assume that k|n whenever we talk about ml(k, n).
Thus we have m1(2, n) = n/2, by the result of Dirac.
For k ≥ 3 and l = k − 1, Ro¨dl, Rucin´ski and Szemere´di [18] determined the
value of mk−1(k, n) exactly, which improved the bound given in [13]. For k ≥ 3
and 1 ≤ l < k, it is conjectured in [10] that
ml(k, n) ∼ max
{
1
2
, 1−
(
1− 1
k
)k−l}(
n
k − l
)
. (1.1)
For k = 3 and l = 1, Ha`n, Person and Schacht [10] showed that (1.1) is true, that
is, m1(3, n) ∼ 59
(
n
2
)
improving on a result of Daykin and Ha¨ggkvist [7] for k = 3.
The exact value was independently determined by Khan [12] and Ku¨hn, Osthus
and Treglown [14]. Khan [11] further determined m1(4, n) exactly. For k ≥ 3 and
k/2 ≤ l < k, Pikhurko [16] proved thatml(k, n) ∼ 12
(
n
k−l
)
. Recently, exact values of
ml(k, n) for all k/2 ≤ l < k were determined by Czygrinow and Kamat [6] and by
Treglown and Zhao [19, 20]. Alon, Frankl, Huang, Ro¨dl, Rucin´ski and Sudakov [2]
determined the asymptotic value of ml(k, n) when k− l ≤ 4. Thus, for 1 ≤ l < k/2,
(1.1) is still open except for a few cases. Partial results were proved by Ha`n, Person
and Schacht [10] and later improved by the second author and Rucin´ski [15]. We
recommend [17] for a survey of other results on perfect matchings in hypergraphs.
Instead of seeking a perfect matching, Bolloba´s, Daykin and Erdo˝s [5] considered
Dirac-type degree thresholds for a matching of size m.
Theorem 1.1 (Bolloba´s, Daykin and Erdo˝s [5]). Let k and m be integers with
k ≥ 2. If H is a k-graph of order n ≥ 2k3(m+ 2) and
δ1(H) >
(
n− 1
k − 1
)
−
(
n−m
k − 1
)
,
then H contains a matching of size m.
For k = 3, Ku¨hn, Osthus and Treglown [14] extended the above result and proved
that if δ1(H) >
(
n−1
2
)− (n−m2 ) and m ≤ n/3 (provided that n is sufficiently large),
then H contains a matching of size m. Moreover, this result and Theorem 1.1 are
best possible.
1.1. Matchings in k-partite k-graphs. For k ∈ N, we refer to the set {1, 2, . . . k}
as [k]. A k-graph H is k-partite, if there exists a partition of the vertex set V into
k classes V1, . . . , Vk such that every edge intersects each class in exactly one vertex.
We say thatH is balanced if |V1| = |V2| = · · · = |Vk|. Clearly, a perfect matching can
only exist if H is balanced. Given a k-partite k-graphH and an integer l ∈ [k], an l-
set T ∈ (Vl ) is said to be legal if |T∩Vi| ≤ 1 for i ∈ [k]. Let δl(H) = min deg(T ) over
all legal l-sets in H . We define m′l(k, n) to be the smallest integerm such that every
k-partite k-graph H with n vertices in each class satisfying δl(H) ≥ m contains a
perfect matching. Note that we no longer assume that k|n for m′l(k, n). Aharoni,
Georgakopoulos and Spru¨ssel [1] proved that m′k−1(k, n) ≤ n/2 + 1. Pikhurko [16]
proved an Ore-type result for perfect matchings in k-partite k-graphs. Given an
l-set L ∈ ([k]l ), an l-set T ∈ (Vl ) is an L-tuple if |T ∩ Vi| = 1 for all i ∈ L and so|T ∩ Vj | = 0 for j /∈ L. Let δL(H) = min deg(T ) over all L-tuples T .
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Theorem 1.2 (Pikhurko [16]). Let 1 ≤ l < k and L ∈ ([k]l ). Let H be a k-partite
k-graph with partition classes V1, . . . , Vk each of size n. If
δL(H)
nk−l
+
δ[k]\L(H)
nl
≥ 1 + o(1)
then H contains a perfect matching.
This implies that for k/2 ≤ l < k, m′l(k, n) ∼ 12nk−l. In this paper, we de-
termine m′1(3, n), that is the minimum δ1(H) that ensures a perfect matching in
a 3-partite 3-graph H . First we bound m′1(3, n) from below by considering the
following examples.
Definition 1.3 (Hk(n; d1, . . . , dk),Hk(n;m; d), Hk(n;m)). Let V1, . . . , Vk be dis-
joint vertex sets with |Vi| = n for all i ∈ [k]. For all i ∈ [k], let Ui and Wi
be a partition of Vi with |Wi| = di. Define Hk(n; d1, . . . , dk) to be the k-partite
k-graph with partition classes V1, . . . , Vk consisting of all those edges which inter-
sect W =
⋃
i∈[k]Wi. Define Hk(n;m; d) to be the family of k-partite k-graphs
H(n; d1, . . . , dk) with max di = d and
∑
i∈[k] di = m. Define Hk(n;m) to be
Hk(n; d1, . . . , dk) with di = ⌊(m+ i− 1)/k⌋ for all i ∈ [k].
Notice that every matching in H3(n;m) has size at most min{m,n}, since every
edge intersects
⋃
i∈[k]Wi and
∑
i∈[k] |Wi| = m. Also,
δ1(H3(n;m)) = n
2 − (n− ⌊m/3⌋) (n− ⌊(m+ 1)/3⌋).
This suggests that m′1(k, n) > δ1(Hk(n;n−1)). We also consider the next example.
A family A of sets is intersecting if A ∩B 6= ∅ for all A,B ∈ A.
Definition 1.4 (H∗k(n;m)). Define H∗k(n;m) to be the family of k-partite k-graphs
such that
H∗k(n;m) = {Hk(n;m− 1) ∪H ′ : E(H ′) is an intersecting family },
where H ′ is also a k-partite k-graph on V (Hk(n;m− 1)).
Note that every matching in H∗ ∈ H∗3(n;m) also has size at most min{m,n}.
GivenH3(n;m−1), we fix ui ∈ Ui for each i ∈ [3] and letH ′ be the 3-partite 3-graph
such that E(H ′) is the set of all legal 3-sets T such that |T ∩{u1, u2, u3}| ≥ 2. Note
that E(H ′) is an intersecting family. Hence, the 3-graph H∗3 (n;m) = H3(n;m −
1) ∪H ′ is a member of H∗3(n;m) and δ1(H∗3 (n;m)) = δ1(H3(n;m− 1)) + 1.
Given integers n ≥ m ≥ 1, let d3(n,m) = max{δ1(H3(n;m)), δ1(H3(n;m− 1))+
1}. Explicitly
d3(n,m) =
{
n2 − (n− ⌊m/3⌋) (n− ⌊(m+ 1)/3⌋) if m 6= 1 (mod 3),
n2 − (n− (m− 1)/3)2 + 1 if m = 1 (mod 3).
Hence,m′1(3, n) > d3(n, n−1) by consideringH3(n;n−1) andH∗3 (n;n−1). We show
that this bound is sharp for sufficiently large n, that is, m′1(3, n) = d3(n, n− 1)+1.
Theorem 1.5. There is an integer n0 such that for all n ≥ n0, m′1(3, n) = d3(n, n−
1) + 1.
In addition, we also prove a natural generalization of Theorem 1.1 for k-partite
k-graphs H , that is, a Dirac-type δ1(H) threshold for a matching of size m in k-
partite k-graphs H . Let δl(Hk(n;m; d)) = min{δl(H) : H ∈ Hk(n;m; d)}. We
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show that if H has no matching of size m + 1 and δ1(H) ≥ δ1(Hk(n;m; ⌈m/k⌉))
for sufficiently large n, then H is a subgraph of H ′ ∈ Hk(n;m; ⌈m/k⌉)∪H∗k(n;m).
Theorem 1.6. Let k, m and n be integers such that k ≥ 2 and n ≥ k7m. Let H
be a k-partite k-graph with n vertices in each class. Suppose the largest matching
in H is of size m and
δ1(H) ≥ δ1(Hk(n;m; ⌈m/k⌉)) ≈ (m− ⌈m/k⌉ − o(1))nk−2.
Then H is a subgraph of H ′ ∈ Hk(n;m; ⌈m/k⌉) ∪ H∗k(n;m). Moreover, if m 6= 1
(mod k), then H is a subgraph of H ′ ∈ Hk(n;m; ⌈m/k⌉).
In particular, for k = 3, we deduce the following corollary.
Corollary 1.7. Let H be a 3-partite 3-graph with each class of size n ≥ 37m and
δ1(H) > d3(n,m). Then H contains a matching of size m+ 1.
Again, the bound given in the corollary above is optimal, as can be seen by
considering H3(n;m) and H
∗
3 (n;m). Hence, we ask whether every 3-partite 3-
graph H with each class of size n > m and δ1(H) > d3(n,m) contains a matching
of size m+ 1.
The layout of the paper is as follows. In the next section, we set up some basic
notation and establish a few facts about Hk(n;m; d) and H∗k(n;m). In Section 3,
we prove Theorem 1.6 and Corollary 1.7. The remainder of the paper is dedicated
to the proof of Theorem 1.5.
Here, we give an outline of the proof of Theorem 1.5, which uses the absorp-
tion technique of Ro¨dl, Rucin´ski and Szemere´di [18]. The corresponding k-partite
version of the absorption lemma for k-graphs, Lemma 4.2, is proven in Section 4.
Let H be a 3-partite 3-graph with δ1(H) > d3(n, n − 1). The absorption lemma
implies that there exists a small matching M such that for every ‘small balanced’
set W ⊆ V (H) \ V (M) there exists a perfect matching in H [V (M) ∪W ]. Thus,
to prove Theorem 1.5, it is sufficient to show that there exists a matching covering
almost all vertices in H ′ = H \ V (M) as the remaining vertices can then be ‘ab-
sorbed’ by M to get a perfect matching in H . New ideas are needed to overcome
the constraints imposed by H ′ being 3-partite. Rather than getting bogged down in
the details and calculations, we first prove that Theorem 1.5 holds asymptotically,
Theorem 5.1, in Section 5 to setup the framework and illustrate these ideas. We
then refine these arguments in Section 5.3 to show that either H ′ contains a large
matching (in which case we are done by absorption) or H ‘looks like’ the extremal
graph H ′3(n;n) (defined in Section 5.1). Finally, in Section 6, we show that in the
latter case H contains a perfect matching by an application of Corollary 1.7.
2. Notation and Extremal graphs
For a, b ∈ N, we refer to the set {a, a+ 1, . . . , b} as [a, b]. Let H be a k-partite
k-graph with vertex classes V1, . . . , Vk. For integers m with k|m, we say that a
vertex set W ⊆ V is a balanced m-set if |W ∩Vi| = m/k for all i ∈ [k]. Throughout
this paper, unless stated otherwise, we define vi,j to be the vertex in Vi ∩ V (ej) for
a partition class Vi and an edge ej .
Given a k-graphH and a vertex set U ⊆ V (H), we denote by H [U ] the subgraph
of H induced by U . Given k-graphs H and H ′, we write H − H ′ to denote the
subgraph of H obtained by removing all the edges in E(H) ∩E(H ′).
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2.1. Properties ofHk(n;m; d) and H∗k(n;m). By the definition ofH(n; d1, . . . , dk),
we have
δl(Hk(n; d1, . . . , dk)) = n
k−l − max
I∈( [k]k−l)
{∏
i∈I
(n− di)
}
for 1 ≤ l < k. Moreover,
δl(Hk(n;m)) = n
k−l −
∏
i∈[k−l]
(
n−
⌊
m+ i− 1
k
⌋)
and by concavity
δl(Hk(n;m)) = max{δl(H) : H ∈ Hk(n;m; ⌈m/k⌉)}. (2.1)
Let l = 1 and let 0 ≤ d1 ≤ · · · ≤ dk = d be integers. Set m =
∑
di. Further
suppose that n ≥ (k − 1)d. Notice that
δ1 (Hk(n; d1, . . . , dk))
= nk−1 −
∏
i∈[k−1]
(n− di) =
∑
1≤j≤k−1
(−1)j+1nk−1−j
∑
I∈([k−1]j )
∏
i∈I
di
≥ nk−2
∑
i∈[k−1]
di −
∑
2≤j≤k−1
nk−1−j
∑
I∈([k−1]j )
∏
i∈I
di
≥ (m− d)nk−2 −
∑
2≤j≤k−1
(
k − 1
j
)
nk−1−jdj
≥ (m− d)nk−2 − (k − 1)2d2nk−3
∑
2≤j≤k−1
1
j!
(
(k − 1)d
n
)j−2
≥ (m− d)nk−2 − (k − 1)2d2nk−3, (2.2)
where the last inequality holds since n ≥ (k−1)d and∑j≥2(j!)−1 <∑j≥1 2−j ≤ 1.
The proposition below gives a recursive relationship for δ1(Hk(n;m; d)), which
will be used in the proof of Theorem 1.6.
Proposition 2.1. Let d, k, m and n be integers with n ≥ m > (k − 1)d. Then
δ1(Hk(n− 1;m− k; d− 1)) = δ1(Hk(n;m; d))− nk−1 + (n− 1)k−1.
Proof. Let d1, . . . , dk be positive integers such that max di = d and
∑
di = m.
Since m > (k − 1)d, we have di ≥ 1 for each i ∈ [k]. Thus, there is a natural
one-to-one relationship between Hk(n;m; d) and Hk(n − 1;m− k; d − 1), namely,
Hk(n; d1, . . . , dk) ∈ Hk(n;m; d) maps to Hk(n − 1; d1 − 1, . . . , dk − 1) ∈ Hk(n −
1;m− k; d− 1). Without loss of generality, we may assume that dk = d. Hence
δ1(Hk(n; d1, . . . , dk)) = n
k−1 −
∏
i∈[k−1]
(n− di) = nk−1 −
∏
i∈[k−1]
(n− 1− (di − 1))
= δ1(Hk(n− 1; d1 − 1, . . . , dk − 1)) + nk−1 − (n− 1)k−1.
Thus, the proposition follows after taking the minimum over all such di’s. 
6 PERFECT MATCHINGS IN 3-PARTITE 3-UNIFORM HYPERGRAPHS
3. Partial matchings
Here, we prove the analogue of Theorem 1.1 for k-partite k-graphs, Theorem 1.6.
For k = 2, the theorem can easily be verified by Ko¨nig’s theorem and the minimum
degree condition. Also it is trivial for m = 1, so we may assume that k ≥ 3 and
m ≥ 2 in this section. The proof divides into two main parts. If n ≥ 4k3m2, then
we analyze the structure of H directly (Lemma 3.2). If k7m ≤ n ≤ 4k3m2, then
we proceed by induction on n, where its proof is based on [5].
We need the following definitions, which are only used in this section. Let
V1, . . . , Vk be partition classes each of size n. Let M = {e1, . . . , em} be a matching
of size m. Recall that {vi,j} = Vi ∩ V (ej) for i ∈ [k] and ej ∈ M . Given i ∈ [k],
x ∈ V \ V (M) and ej ∈ M , we say that x and ej are i-connected with respect to
M if there exist more than 2k2nk−3 edges containing both x and vi,j but no other
vertices in M . In addition, we say that x makes l connections to a submatching
M ′ ⊆ M with respect to M if there exist l distinct pairs (ej , ij) such that x and
ej are ij-connected (with respect to M) for ej ∈ M ′ and ij ∈ [k]. The following
lemma studies the properties of i-connectness.
Lemma 3.1. Let k, l, m and n be integers such that k ≥ 3 and l ≤ 2k,m ≤ n. Let
H be a k-partite k-graph with n vertices in each class. Suppose M = {e1, . . . , em}
is a matching of size m in H.
(i) Let U ⊆ V with |U | < 2k and U ∩ V (M) = ∅. Further assume that
there exist distinct vertices x1, . . . , xl ∈ V \ (U ∪ V (M)), where xj is ij-
connected to ej for j ∈ [l]. Then there exists a matching {f1, . . . , fl} with
V (fj) ∩ (V (M) ∪ U ∪ {x1, . . . , xl}) = {vij ,j , xj} for j ∈ [l]. In particular,
M ∪⋃j∈[l] fj −⋃j∈[l] ej is a matching of size m disjoint from U .
(ii) If ej ∈M is i- and i′-connected to x and x′ respectively for distinct x, x′ ∈
V \ V (M) and i 6= i′, then there is a matching of size m+ 1.
Proof. First we prove (i). For each j ∈ [l], we are going to choose an edge fj
containing xj and vij ,j but no other vertices in Uj , where Uj = V (M) ∪ U ∪⋃
j′∈[j−1] V (fj′) ∪ {xj , . . . , xl}. Suppose we have already chosen f1, . . . , fj−1 and
we choose fj as follows. Without loss of generality, xj ∈ V1 and ij = 2. Set
U ′j = Uj \ (V (M) ∪ V1 ∪ V2). Note that
|U ′j | ≤ |U |+
∑
j′∈[j−1]
|V (fj′) \ (V1 ∪ V2)|+ |{xj+1, . . . , xl}|
≤ 2k + (j − 1)(k − 2) + l − j ≤ 2k2.
The number of edges containing xj , vij ,j and a vertex in U
′
j is at most |U ′j |nk−3 ≤
2k2nk−3. Since xj and ej are 2-connected and U
′
j ∩ V (M) = ∅, there is an edge
fj containing xj and v2,j but no other vertices in U
′
j ∪ V (M) = Uj . Thus, there
exist vertex-disjoint edges f1, . . . , fl as desired. Also, M ∪
⋃
j∈[l] fj −
⋃
j∈[l] ej is a
matching of size m as desired.
We now deduce (ii) from (i). The number of edges containing x, x′ and vi,j is at
most nk−3. Since x is i-connected to ej , there exists an edge f containing both x
and vi,j but no other vertices in V (M)∪ {x′}. Set U = V (f) \ {vi,j}. By (i) taking
x1 = x
′, there exists an edge f ′ containing x′ with V (f ′) ∩ V (M ∪ f) = {vi′,j}.
Thus, M ∪ {f, f ′} − ej is a matching of size m+ 1. 
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By (2.2), the following lemma implies Theorem 1.6 for n ≥ 4k3m2. We give a
rough sketch of its proof when m 6= 1 (mod k). Let M be a matching of maximal
size in H . Since δ1(H) is large, each x ∈ X makes many connections to M , where
X = V \ V (M). For each i ∈ [k], let Mi be the set of edges in M that are i-
connected to at least one x ∈ X . We then deduce that the set of M1, . . . ,Mk forms
a partition of M . By setting Wi = V (Mi) ∩ Vi for each i ∈ [k], we show that H is
a subgraph of Hk(n; d1, . . . , dk) with di = |Wi|.
Lemma 3.2. Let k, m and n be integers such that k ≥ 3, m ≥ 2 and n ≥ 4k3m2.
Let H be a k-partite k-graph with n vertices in each class. Suppose the largest
matching in H is of size m and
δ1(H) ≥ (m− ⌈m/k⌉)nk−2 −m2nk−3.
Then H is a subgraph of H ′ ∈ Hk(n;m; ⌈m/k⌉) ∪ H∗k(n;m). Moreover, if m 6= 1
(mod k), then H is a subgraph of H ′ ∈ Hk(n;m; ⌈m/k⌉).
Proof. Let V1, . . . , Vk be the partition classes of H . Let M = {e1, . . . , em} be a
matching in H with m maximal. Let r and s be the unique integers such that
m = rk + s, r ≥ 0 and 1 ≤ s ≤ k. This implies that
δ1(H) ≥ (m− r − 1)nk−2 −m2nk−3 ≥ (m− r − 5/4)nk−2
as n ≥ 4k3m2. Set Xi = Vi \ V (M) for each i ∈ [k] and X =
⋃
i∈[k]Xi. For x ∈ X ,
every edge containing x must intersect with V (M) by the maximality ofM . Hence,
the number of edges containing x and exactly one vertex of M is at least
deg(x)− k2m2nk−3 ≥ δ1(H)− nk−2/4 ≥ (m− r − 3/2)nk−2. (3.1)
Therefore, x makes at least m − r − 1 connections to M . Otherwise, by (3.1) we
have
(m− r − 3/2)nk−2 ≤ mk × 2k2nk−3 + (m− r − 2)nk−2.
Since n ≥ 4k3m2 ≥ 8k3m, the right hand side of the inequality above is at most
(m− r − 7/4)nk−2 implying a contradiction.
We say that an edge ej ∈ M is bad, if there exists a vertex x ∈ X such that ej
is i-connected to x for two distinct values of i ∈ [k]. We say that a vertex x ∈ X is
bad if x has two connections with some e ∈M . Hence, each bad edge is connected
to a bad vertex. By Lemma 3.1(ii) and the maximality of M , if ej ∈ M is i- and
i′-connected to x and x′ respectively for x, x′ ∈ X , then i = i′ or x = x′. This
implies that if ej is bad, then ej is connected to precisely one vertex x ∈ X and
moreover this vertex is bad. Thus, there are at most m bad vertices. Set X ′i be the
set of vertices in Xi that are not bad and X
′ =
⋃
i∈[k]X
′
i. So |X ′i| ≥ n−m−m > 0.
Given i ∈ [k] and x ∈ X ′, denote by Mi(x) the set of edges e ∈ M such that
x and e are i-connected. Let Mi be the set of edges in M that are i-connected to
some x ∈ X ′. Note that Mi ∩Mi′ = ∅ for all i 6= i′ by Lemma 3.1(ii) and the
maximality of M . Also, for x ∈ X ′i,
Mi(x) = ∅ and Mj(x) ⊆Mj for all j ∈ [k]. (3.2)
Recall that x makes at least m− r − 1 connections to M , so∑
j∈[k]\{i}
|Mj(x)| =
∑
j∈[k]
|Mj(x)| ≥ m− r − 1. (3.3)
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For i ∈ [k] and x ∈ X ′i, we have
m =|M | ≥ |Mi|+
∑
j∈[k]\{i}
|Mj(x)| ≥ |Mi|+m− r − 1, (3.4)
|Mi| ≤ r + 1. (3.5)
We now divide into two cases depending on whether s 6= 1 (i.e. m 6= 1 (mod k)) or
not.
Case 1: s 6= 1. Note that 2 ≤ s ≤ k. Pick xk ∈ X ′k. Since m = rk + s ≥ rk + 2,
(3.3) implies that
∑
j∈[k−1] |Mj(xk)| ≥ r(k − 1) + 1. By (3.2) and (3.5), we have
|Mj(xk)| ≤ |Mj| ≤ r + 1 for all j ∈ [k]. Without loss of generality, we may assume
that |M1(xk)| = r + 1. Hence, M1(xk) =M1.
Next pick x1 ∈ X ′1. By taking x = x1 and i = 1, we must have equality
in (3.4) implying that Mi(x1) =Mi for all i ∈ [k] \ {1} (as Mi(x1) ⊆Mi by (3.2)).
Therefore, M1, . . . , Mk partition M with Mi(x1) ∪Mi(xk) = Mi. Recall that x1
and xk are not bad. Since every edge e ∈M is connected to x1 or xk, M contains
no bad edge and so there is no bad vertex in X . Thus Xi = X
′
i for all i ∈ [k].
Recall that |M | = rk+s ≥ rk+2 and |Mi| ≤ r+1 by (3.5). Note that vertices x1
and xk are no longer needed in our argument, so we can relabel the Mi if necessary
such that |M1| = |M2| = r + 1. Hence,
∑
i∈[k]\{j} |Mi| = m − r − 1 for j = 1, 2.
By (3.2) and (3.3), every vertex x ∈ X1 ∪X2 makes exactly m− r − 1 connections
to M . Therefore, for j = 1, 2 and for all i ∈ [k] \ {j}, every x ∈ Xj is i-connected
to every edge e ∈Mi.
Set Wi = V (Mi) ∩ Vi for i ∈ [k] and W =
⋃
i∈[k]Wi. Let di = |Mi| = |Wi|,
so by (3.5) di ≤ r + 1 for all i ∈ [k] and d1 = d2 = r + 1. We are going to show
that H ⊆ Hk(n; d1, . . . , dk), which then implies the lemma (as
∑
i∈[k] di = m). It is
sufficient to show that all edges in H meet W . Suppose the contrary and let e′ be
an edge vertex-disjoint fromW . Clearly e′ must intersect with some edge e ∈M by
the maximality of M . Let e1, . . . , el be the edges in M with V (e
′) ∩ V (ej) 6= ∅ and
ej ∈Mij for j ∈ [l]. So l ≤ k. Next, we pick distinct vertices x1, . . . , xl ∈ X \V (e′)
such that xj ∈ X1 if ij 6= 1 otherwise xj ∈ X2. Set U = V (e′) \ V (M), so |U | < k.
There exists a matching {f1, . . . , fl} satisfying condition (i) of Lemma 3.1. Hence,
M ∪ {e′, f1, . . . , fl} −
⋃l
j=1 ej is a matching of size m+ 1, a contradiction.
Case 2: s = 1. Define M ′i to be the set of edges in M that are i-connected to at
least 4k vertices in X . Thus M ′i ⊆ Mi for all i ∈ [k]. Each edge e ∈ M ′i makes at
most |X \Xi| = (k− 1)(n−m) connections to X . Since each x ∈ X makes at least
m− r − 1 connections to M , we have ∑i∈[k] |M ′i | ≥ m− 1, or else
(m− r − 1)|X | ≤ (m− 2)× (k − 1)(n−m) + 2× 4k,
a contradiction as |X | = k(n−m). If M = ⋃i∈[k]M ′i , then setWi = V (M ′i)∩Vi for
each i ≤ [k] and so max |Mi| = r + 1 by (3.5) and m = kr + 1. By using a similar
argument as used in Case 1, we deduce that H is a subgraph of Hk(n; d1, . . . , dk),
where di = |Wi|. Hence, we may assume that |M \
⋃
M ′i | = 1. If |M ′1| = r + 1
say, then by (3.4) each x ∈ X ′1 is connected to every e ∈ Mi for all i ∈ [k] \ {1}.
Since |X ′1| ≥ n − 2m ≥ 4k, we have M =
⋃
M ′i , a contradiction. Therefore, we
may assume that |M ′i | = r for all i ∈ [k]. Let M ′ =
⋃
M ′i . Set Wi = V (M
′
i) ∩ Vi
for i ∈ [k] and W = ⋃i∈[k]Wi.
Let H ′ be the subgraph of H induced by the edges not intersecting with W .
Suppose there exist two vertex-disjoint edges e′1 and e
′
2 in H
′. Notice that e′1 or
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e′2 must intersect with M
′ or else M ′ ∪ {e′1, e′2} is a matching of size m + 1, a
contradiction. Set U = V (e′1 ∪ e′2) \ V (M ′), so |U | < 2k. Let e1, . . . , el be the
edges in M ′ that intersect with e′1 or e
′
2 with ej ∈ M ′ij . Note that l ≤ 2k. Since
each ej is ij-connected to 4k vertices in X , there exist distinct vertices x1, . . . , xl ∈
X \U with xj is ij-connected to ej . Therefore, there exists a matching {f1, . . . , fl}
satisfying the condition (i) of Lemma 3.1 taking M = M ′. Observe that M ′ ∪
{e′1, e′2, f1, . . . , fl} −
⋃l
j=1 ej is a matching of size m + 1, a contradiction. Thus,
E(H ′) is an intersecting family. Since |Wi| = r for every i ∈ [k], H is a subgraph
of Hk(n;m− 1)∪H ′. Moreover, Hk(n;m− 1)∪H ′ ∈ H∗k(n;m) and so the proof of
the lemma is completed. 
By Lemma 3.2, to prove Theorem 1.6, it remains to consider the case k7m ≤
n ≤ 4k3m2 and so m ≥ k4/4. By (2.2) and the fact that n ≥ k7m, we have
δ1(Hk(n;m; ⌈m/k⌉)) ≥ (m− ⌈m/k⌉)nk−2 − (k − 1)2⌈m/k⌉2nk−3
≥ ((k − 1)/k − 1/k3)mnk−2.
The next lemma shows that there exists a vertex in each partition class such that
its vertex degree is large. Its proof uses the ideas in the proof of Lemma 3.2.
Lemma 3.3. Let k, m and n be integers such that k ≥ 3, m ≥ 2 and n ≥ k7m. Let
H be a k-partite k-graph with n vertices in each class. Suppose the largest matching
in H is of size m and δ1(H) ≥
(
k−1
k − 1k3
)
mnk−2. Then there exists a vertex v in
each partition class with deg(v) ≥ nk−1/4k.
Proof. Let V1, . . . , Vk be the partition classes of H and let M = {e1, . . . , em} be a
largest matching of size m in H . Let Xi = Vi \V (M) for i ∈ [k] and X =
⋃
i∈[k]Xi.
For x ∈ X , the number of edges containing x and exactly one vertex of M is at
least
δ1(H)−
(
k − 1
2
)
m2nk−3 ≥
(
k − 1
k
− 1
k3
− 1
k5
)
mnk−2 (3.6)
as n ≥ k7m. Recall that x and ej are i-connected if there exist more than 2k2nk−3
edges containing both x and vi,j but no other vertices in M . Since(
k − 1
k
− 1
k3
− 1
k5
)
mnk−2 ≥ 2k2nk−3m+
(
k − 1
k
− 2
k3
)
mnk−2,
every x ∈ X makes at least (k−1k − 2k3 )m connections to M . In addition, if an
edge ej ∈ M is i- and i′-connected to vertices x and x′ ∈ X respectively, then
i = i′ or x = x′ by Lemma 3.1(ii) and the maximality of M . Thus, there are at
most m vertices x ∈ X that have two connections with some e ∈M . Remove these
vertices from Xi and call the resulting set X
′
i and let X
′ =
⋃
i∈[k]X
′
i. Note that
|X ′i| ≥ n− 2m > 0 for each i ∈ [k].
Given i ∈ [k], defineMi to be the set of edges ej ∈M such that ej is i-connected
to at least one vertex x ∈ X ′. If there is an edge e ∈M that is not connected to any
vertex x ∈ X ′, then we arbitrarily assign e to exactly one of Mi. Thus, M1, . . . ,Mk
partition M . For x ∈ X ′, denote by Mi(x) the set of edges e ∈M such that x and
e are i-connected. Hence, for x ∈ Xi
Mi(x) = ∅ and Mj(x) ⊆Mj for all j ∈ [k]. (3.7)
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Recall that x makes at least
(
k−1
k − 2k3
)
m connections to M and at most one
connection to each edge of M , so∑
j∈[k]\{i}
|Mj(x)| =
∑
j∈[k]
|Mj(x)| ≥
(
k − 1
k
− 2
k3
)
m. (3.8)
Hence, (3.7) and (3.8) imply that
m ≥ |Mi|+
∑
j∈[k]\{i}
|Mj(x)| ≥ |Mi|+
(
(k − 1)/k − 2/k3)m,
|Mi| ≤
(
1/k + 2/k3
)
m. (3.9)
Set Wi = Vi ∩Mi and W =
⋃
i∈[k]Wi.
Claim 3.4. There are at least mnk−1/(2k2) edges that meet W1.
Proof of Claim. Recall that if x ∈ X is not i-connected to ej ∈ M , then there are
at most 2k2nk−3 edges containing x and vi,j = Vi ∩ ej but no other vertices in M .
Pick x ∈ X ′2. Since x is not connected to any edges inM2, there are at most k|M2|×
2k2nk−3 = 2k3nk−3|M2| edges containing x and exactly one vertex of V (M2) but
no other vertices in M . Also, x makes at most one connection to each edge in M .
Together with Lemma 3.1(ii) and the maximality ofM , x is not i′-connected to any
edges in Mi for all i 6= i′. Hence, there are at most (k − 1)(|M | − |M2|)× 2k2nk−3
edges containing x and exactly one vertex of V (M) \ (V (M2) ∪W ) but no other
vertices in M . Note that there is no edge containing x and a vertex in W2 (as
x ∈ V2 and W2 ⊆ V2). In total, the number of edges containing x and exactly one
vertex of (V (M) \W ) ∪W2 but no other vertices in M is at most
2k3nk−3|M2|+ (k − 1)(|M | − |M2|)× 2k2nk−3 ≤ 2k3mnk−3 ≤ 2mnk−2/k4.
The number of edges containing x and at least one vertex of W \ (W1 ∪W2) is at
most
(|W | − |W1| − |W2|)nk−2 =
∑
3≤i≤k
|Wi|nk−2 =
∑
3≤i≤k
|Mi|nk−2
≤(k − 2) (1/k + 2/k3)mnk−2
by (3.9). In addition, there are at most k2m2nk−3 ≤ mnk−2/k5 edges containing x
and at least two vertices of M . By the maximality of M , every edge containing x
must meet V (M). Thus, the number of edges containing x and exactly one vertex
of W1 is at least
δ1(H)− 2mnk−2/k4 − (k − 2)
(
1/k + 2/k3
)
mnk−2 −mnk−2/k5 ≥ mnk−2/k2.
Since x ∈ X ′2 is chosen arbitrarily and |X ′2| ≥ n − 2m ≥ n/2, there are at least
mnk−1/(2k2) edges that meet W1 as claimed. 
Recall that |W1| = |M1| ≤ 2m/k by (3.9), so there exists a vertex v1 ∈ W1 such
that deg(v1) ≥ nk−1/4k. By similar arguments, there exists vi ∈Wi ⊆ Vi such that
deg(vi) ≥ nk−1/4k for each i ∈ [k] as required. 
We are now ready to prove Theorem 1.6. We need the following simple proposi-
tion of which we omit the proof.
Proposition 3.5. Let H be a k-partite k-graph with n vertices in each class. Sup-
pose the largest matching in H is of size m.
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(a) Given a vertex v ∈ V (H), if H \ v contains a matching of size m for some
vertex v, then deg(v) ≤ nk−1 − (n−m)k−1.
(b) Given a legal k-set T , if H \ T contains a matching of size m− k+1, then
there exists a vertex v ∈ T with deg(v) ≤ nk−1 − (n−m)k−1.
Proof of Theorem 1.6. For k = 2, the theorem can be easily verified by Ko¨nig’s
theorem and the minimum degree condition. Also it is trivial for m = 1, so we
may assume that k ≥ 3 and m ≥ 2. We proceed by induction on n and m. Let
V1, . . . , Vk be the partition classes of H . First suppose that m ≤ k4/4. Note that
n ≥ k7m ≥ 4k3m2 and (2.2) implies that
δ1(Hk(n;m; ⌈m/k⌉)) ≥ (m− ⌈m/k⌉)nk−2 − (k − 1)2⌈m/k⌉2nk−3
≥ (m− ⌈m/k⌉)nk−2 −m2nk−3.
So Theorem 1.6 is true by Lemma 3.2.
Therefore, we may assume thatm > k4/4. Let T = {v1, . . . , vk} with vi ∈ Vi and
deg(vi) ≥ nk−1/4k. Note that T exists by Lemma 3.3 as δ1(H) ≥
(
(k − 1)/k − 1/k3)mnk−2
(see the calculation before Lemma 3.3). Let H ′ = H \ T , so
δ1(H
′) ≥ δ1(Hk(n;m; ⌈m/k⌉))− (nk−1 − (n− 1)k−1)
= δ1(Hk(n− 1;m− k; ⌈(m− k)/k⌉))
where the last equality is due to Proposition 2.1. Assume that m 6= 1 (mod k). If
there does not exist a matching of size greater than m−k in H ′, then the induction
hypothesis implies that H ′ is a subgraph of H ′′ ∈ Hk(n − 1;m− k; ⌈(m− k)/k⌉).
This means that H is a subgraph of a member of Hk(n;m; ⌈m/k⌉). Thus, we may
assume that H ′ contains a matching of size m−k+1. By Proposition 3.5(b), there
exists a vertex vi ∈ T such that deg(vi) ≤ nk−1 − (n −m)k−1 ≤ kmnk−2 as n is
large. Since vi ∈ T , deg(vi) ≥ nk−1/4k implying that n ≤ 4k2m, a contradiction.
A similar argument holds for the case when m = 1 (mod k). 
Next, we prove Corollary 1.7.
Proof of Corollary 1.7. Suppose thatH is a 3-partite 3-graph with δ1(H) > d3(n,m).
First assume that m 6= 1 (mod 3) and so d3(n,m) = δ1(H3(n;m)). By Theo-
rem 1.6, H either contains a matching of size m + 1 or is a subgraph of H ′ ∈
H3(n;m). Note that (2.1) implies that δ1(H) > δ1(H ′) for all H ′ ∈ H3(n;m).
Therefore, H contains a matching of size m + 1 and so the corollary is true for
m 6= 1 (mod 3).
Thus, we may assume that m = 1 (mod 3). Suppose that H does not contain
a matching of size m + 1, so Theorem 1.6 implies that H is a subgraph of H ′ ∈
H3(n;m)∪H∗3(n;m). By (2.1) and the fact that δ1(H) > δ1(H3(n;m)), we deduce
that H is a subgraph of H ′ ∈ H∗3(n;m). Recall that d3(n,m) = δ1(H3(n;m−1))+1
and the definition of H∗3(n;m), Definition 1.4. Therefore, to prove the corollary, it
is enough to show that if H ′′ is a 3-partite 3-graph with V (H ′′) = V (H) and the
edge set of H ′′ forms an intersecting family, then δ1(H
′′) ≤ 1. Let V1, V2 and V3 be
the partition classes of H ′′. Suppose the contrary, E(H ′′) is an intersecting family
with δ1(H
′′) ≥ 2.
First we claim that there exist two edges e1, e2 ∈ E(H ′′) with e1 = x1x2u,
e2 = y1y2u, distinct xi, yi ∈ Vi and u ∈ V3. Pick u ∈ V3. Since deg(u) ≥ 2, there
exists two edges containing u. If these two edges only intersect at u, then the claim
holds. Without loss of generality, suppose x1x2u and x
′
1x2u are the two edges with
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x1, x
′
1 ∈ V1, x2 ∈ V2 and u ∈ V3. Let y2 ∈ V2 \ x2. Since E(H ′′) is intersecting,
all edges incident with y2 must contains u. Note that deg(y2) ≥ 1, so there exists
an edge e2 containing both y2 and u. Without loss of generality (by relabelling x1
and x′1 if necessary), we may assume that e2 = y1y2u with y1 6= x1. Therefore, the
claim holds.
Let w ∈ V3 \{u}. Recall that deg(w) ≥ δ1(H ′′) ≥ 2 and E(H ′′) is an intersecting
family. Therefore, e3 = x1y2w and e4 = y1x2w are edges. However, {e1, e2, e3, e4, e}
is not an intersecting family for any edges e satisfying V (e) ∩ {u,w} = ∅, which
exist as |V3| ≥ 3 and δ1(H ′′) ≥ 2. This is a contradiction. 
4. An absorption lemma for k-partite k-graphs
Here, we prove a k-partite version of the absorption lemma for k-graphs given
by Ha`n, Person and Schacht [10]. Its proof follows along the same lines as in [10].
For completeness, we include the proof below. First we need the following simple
proposition.
Proposition 4.1. Let H be a k-partite k-graph with n vertices in each class. For all
0 ≤ a ≤ 1 and all integers 1 ≤ m ≤ l < k, if δl(H) ≥ ank−l, then δm(H) ≥ ank−m.
Proof. Note that it suffices to prove the case when m = l − 1. Let V1, . . . , Vk be
the partition classes of H . Let T be a legal (l − 1)-set in V (H). Without loss of
generality, T = {v1, . . . , vl−1} with vi ∈ Vi for i ∈ [l − 1]. The condition on δl(H)
implies that T is contained in at least∑
vl∈Vl
deg(T ∪ {vl}) ≥ nδl(H) ≥ ank−l+1.
edges, and the proposition follows. 
Lemma 4.2 (An absorption lemma for k-partite k-graphs). Let 1 ≤ l < k, 0 < γ <
1/(10k3) and γ′ = γ2k−1/20. Then there is an integer n0 such that for all n > n0
the following holds: Suppose H is a k-partite k-graph with n vertices in each class
and minimum l-degree δl(H) ≥ (1/2 + γ)nk−l, then there exists a matching M in
H of size |M | ≤ (k− 1)γkn such that, for every balanced set W of size |W | ≤ kγ′n,
there exists a matching covering exactly the vertices of V (M) ∪W .
Proof. Let H be a k-partite k-graph with partition classes V1, . . . , Vk each of size
n and minimum l-degree δl(H) ≥ (1/2 + γ)nk−l. From Proposition 4.1, δ1(H) ≥
(1/2 + γ)nk−1 and it suffices to prove the lemma for l = 1. Throughout the proof
we may assume that n0 is chosen sufficiently large. Furthermore set m = k(k − 1)
and call a balanced m-set A an absorbing m-set for a balanced k-set T if A spans
a matching of size k − 1 and A ∪ T spans a matching of size k. In other words,
A∩T = ∅ and both H [A] and H [A∪T ] contain perfect matchings. Denote by L(T )
the set of all absorbing m-sets for T . Next, we show that for every balanced k-set
T , there are many absorbing m-sets for T .
Claim 4.3. For every balanced k-set T ⊆ V (H), |L(T )| ≥ γk−1nm/2((k − 1)!)k.
Proof. Let T = {v1, . . . , vk} be fixed with vi ∈ Vi for i ∈ [k]. Since n was chosen
large enough, there are at most (k − 1)nk−2 ≤ γnk−1 edges, which contain v1 and
vj for some j ∈ [2, k]. By δ1(H) there are at least nk−1/2 edges containing v1 but
none of v2, . . . , vk. We fix one such edge v1u2 . . . uk with ui ∈ Vi for i ∈ [2, k]. Set
U1 = {u2, . . . , uk} and W0 = T . For each j ∈ [2, k] and each pair uj , vj suppose we
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succeed to choose a (k − 1)-set Uj such that Uj is disjoint to Wj−1 = Uj−1 ∪Wj−2
and both Uj ∪{uj} and Uj ∪{vj} are edges in H . Then for a fixed j ∈ [2, k] we call
such a choice Uj good, motivated by A =
⋃
j∈[k] Uj being an absorbing m-set for T .
Note that in each step j ∈ [2, k] there are k + (j − 1)(k − 1) vertices in Wj−1.
Moreover, there are at most j ≤ k vertices in Vi ∩Wj−1 for all i ∈ [k]. Thus, the
number of edges intersecting uj (or vj respectively) and at least one other vertex
in Wj is at most (k − 1)jnk−2 < k2nk−2 ≤ γnk−1. Note that there are at least
2γnk−1 sets U ′ such that both U ′ ∪ {uj} and U ′ ∪ {vj} are edges in H . Hence, for
each j ∈ [2, k], there are at least 2γnk−1 − γnk−1 = γnk−1 good choices for Uj.
Thus, in total we obtain γk−1nk(k−1)/2 absorbing m-sets for T with multiplicity at
most ((k − 1)!)k. 
Now, choose a family F of balanced m-sets by selecting each of the
(
n
k−1
)k
possible balanced m-sets independently with probability
p =
γk((k − 1)!)k
2nm−1
≤ γ
kn
2
(
n
k−1
)k . (4.1)
Then by Chernoff’s bound (see e.g. [3]) with probability 1 − o(1) as n → ∞, the
family F satisfies the following properties:
|F | ≤ γkn (4.2)
and
|L(T ) ∩ F | ≥ p|L(T )|/2 ≥ γ2k−1n/10 = 2γ′n (4.3)
for all balanced k-sets T ⊆ V (H). Furthermore, we can bound the expected number
of intersecting pairs of m-sets from above by(
n
k − 1
)k
× k(k − 1)×
(
n
k − 2
)(
n
k − 1
)k−1
× p2 ≤ γ2kk3n/4 ≤ γ′n/2.
Thus, using Markov’s inequality, we derive that with probability at least 1/2
F contains at most γ′n intersecting pairs of m-sets. (4.4)
Hence, with positive probability the family F has all properties stated in (4.2), (4.3)
and (4.4). Delete one m-set from each intersecting pair in such a family F . Fur-
ther remove all non-absorbing m-sets, we get a subfamily F ′ consisting of pairwise
disjoint balanced m-sets, which satisfies
|L(T ) ∩ F ′| ≥ 2γ′n− γ′n ≥ γ′n
for all balanced k-sets T . Since F ′ consists only of absorbing m-sets, H [V (F ′)]
has a perfect matching M of size at most (k − 1)γkn by (4.2). For a balanced set
W ⊆ V \ V (M) of size |W | ≤ kγ′n, W can be partition into at most γ′n balanced
k-sets. For each balanced k-set T , we can successively choose a distinct absorbing
m-set for T in F ′. Hence, there exists a matching covering V (M) ∪W . 
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5. Finding large matchings in 3-partite 3-graphs.
Let H be a 3-partite 3-graph and let M be a matching satisfying the conditions
of the absorption lemma, Lemma 4.2. We remove the vertices of M from H and
call the resulting graph H ′. Suppose that there exists a large matching M1 in H
′
covering almost all the vertices in H ′. Let W be the set of ‘leftover’ vertices. By
the ‘absorption’ property of M there is a perfect matching M2 in H [V (M) ∪W ].
Hence, M1 ∪M2 is a perfect matching in H . Therefore, finding a large matching
M1 in H
′ plays a crucial role in the proof of Theorem 1.5. However, since we do not
have any control over the structure of M , H ′ might not contain a large matching.
If H ′ does not contain a large matching, then we show that H ′ contains a large
subgraph, which ‘looks like’ the extremal graph H ′3(n
′;n′) (defined in Section 5.1).
The aim of this section is to investigate the problem of finding large matchings
in 3-partite 3-graphs. However, this problem is quite different from finding large
matchings in 3-graphs. To this end, we introduce the concept of edge-coloured
complete graphs, called matching graphs (defined in Section 5.2). We study some
of its properties, Lemmas 5.5 and 5.8. Using these results, we present a short proof
showing that m′1(3, n) ∼ 5n2/9, see Theorem 5.1 below, which is the asymptotic
version of Theorem 1.5.
Theorem 5.1. For all 0 < γ < 10−6, there exists an integer n0 = n0(γ) such
that if H is a 3-partite 3-graph with n > n0 vertices in each class and δ1(H) ≥
(5/9 + γ)n2, then H contains a perfect matching.
By further analyzing the structures ofH ′ and the matching graphs, we show that
a 3-partite 3-graph H with δ1(H) ≥ (5/9− γ)n either contain a large matching or
‘looks like’ the extremal graph H ′3(n
′;n′), Lemma 5.2.
5.1. Notations for 3-partite 3-graphs. Now, we set up notations for 3-partite
3-graphs H with partition classes, V1, V2, V3, each of size n. Given three vertex
sets U1, U2, U3, not necessarily disjoint, we say an edge u1u2u3 is of type U1U2U3
if ui ∈ Ui for all i ∈ [3].
Recall the definition of H(n; d1, d2, d3) in Definition 1.3. For i ∈ [3], let di ≤ n
and define H ′(n; d1, d2, d3) to be the resulting subgraph of H(n; d1, d2, d3) after
removing all edges of type WWW . In other words, H ′(n; d1, d2, d3) is the 3-partite
3-graph with partition classes U1 ∪W1, U2 ∪W2, U3 ∪W3 consisting of all those
edges of type UUW and UWW , where U = U1 ∪U2 ∪U3, W =W1 ∪W2 ∪W3 and
|Wi| = di for all i ∈ [3]. We write H ′3(n;m) for H ′3(n; ⌊m3 ⌋, ⌊m+13 ⌋, ⌊m+23 ⌋).
Given ε > 0, we say that H is ε-close to H ′(n; d1, d2, d3) if |E(H ′(n; d1, d2, d3)−
H)| ≤ εn3.
The following lemma shows that if δ1(H) ≥ (5/9− γ)n and H does not contain
a large matching, then H contains a large subgraph, which is ε-close to H ′3(n
′;n′).
This lemma is proved in Section 5.3 by further analyzing the structure of H .
Lemma 5.2. Let 0 < 4ρ < γ < 10−6 and γ′′ = 3(1200γ +
√
γ/2). There exists an
integer n0 such that if H is a 3-partite 3-graph with n > n0 vertices in each class
and δ1(H) ≥ (5/9− γ)n2 and contains no matching of size (1 − ρ)n, then there
exists a subgraph H ′ such that H ′ is 8γ′′-close to H ′3(n
′;n′), where n′ ≥ (1 − γ′′)n
and 3|n′.
5.2. Matching graphs. Given a 3-partite 3-graphH and a vertex x ∈ V , let Lx be
the link graph of x such that the edge set of Lx is precisely the set of all 2-sets T ⊆ V
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such that {x}∪T is an edge in H . Note that Lx is a 2-graph. Given disjoint vertex
sets U1 and U2, let Lx[U1, U2] be the bipartite subgraph of Lx induced by partition
classes U1 and U2. Given a matching M = {e1, . . . , ep}, we write Lx(e1, . . . , ep) for⋃
j∈[p−1] Lx[V (ej), V (ej+1)]. Let Lx[M ] =
⋃
(i,j)∈([p]2 )
Lx[V (ei), V (ej)].
Let S be a triple (x1, x2, x3) with xi ∈ Vi for all i ∈ [3]. The link graph LS of
S is defined to be the union of Lx1 , Lx2 and Lx3. Note that for each i ∈ [3], Lxi
only has edges between Vi+1 and Vi+2 (addition modulo 3), so LS does not contain
any multiple edges. We define LS(e1, . . . , ep) and LS [M ] analogusly for a matching
M = {e1, . . . , ep}.
We say that a pair of vertex-disjoint edges (e1, e2) is of type (a1, a2, a3) with
respect to S if e(Lxi(e1, e2)) = ai for all i ∈ [3]. By the definition of Lxi(e1, e2), we
have 0 ≤ a1, a2, a3 ≤ 2. Let M be a matching in H . Define the matching graph
GS(M) with respect to S andM to be the edge-coloured complete graph with vertex
setM and for distinct e1, e2 ∈M , the edge (e1, e2) in GS(M) is coloured (a1, a2, a3)
if and only if (e1, e2) is of type (a1, a2, a3) with respect to S. If M is known from
the context, then we simply write GS for GS(M). From now on, all edge-coloured
graphs are assumed have colours (a1, a2, a3) for 0 ≤ a1, a2, a3 ≤ 2. Define c(vu) to
be the colour of the edge vu.
Definition 5.3 (p-extensible). Given an integer p > 0, we say that an edge-coloured
path P = v1v2 . . . vl is p-extensible if the following statement holds. Let M =
{e1, . . . , el} be a matching of size l and let Xi = Vi \ V (M) for i ∈ [3]. Let
S1, S2, . . . , Sp ∈ X1×X2×X3 be vertex-disjoint. Suppose that for all j ∈ [l−1] and
for all i, i′ ∈ [p], LSi(ej , ej+1) = LSi′ (ej , ej+1) and (ej , ej+1) is of type c(vjvj+1)
with respect to Si. Then there exists a matching M
′ of size l + 1 in H [V (M) ∪⋃
i∈[p] V (Si)].
By the definition of p-extensible, we obtain the following fact, which we omit its
proof.
Fact 5.4. Let p, r and s be integers with r ≤ s. Let P = v1 . . . vs be an edge-
coloured path. Let H be a 3-partite 3-graph with partition classes V1, V2 and V3.
Let M = {e1, . . . , er} be a matching in H and S = (x1, x2, x3) with xi ∈ Vi \V (M)
such that the edge-coloured path e1 . . . er in GS(M) is an edge-coloured subpath of P .
Further suppose that LS(e1, . . . , er) =
⋃
j∈[r−1] LS(ej , ej+1) contains a matching
M0 of size r+1 with at most p edges between any two Vi’s. Then P is p-extensible.
In the next lemma, we study a few short edge-coloured paths and their extensi-
bilities.
Lemma 5.5. The following statements (and the corresponding statements obtained
by swapping the indices) hold.
(i) For a1 + a2 + a3 ≥ 5, an edge with colour (a1, a2, a3) is 1-extensible.
(ii) A monochromatic path of length 5 with colour (1, 2, 1) is 4-extensible.
(iii) For integers 1 ≤ a2 ≤ 2 and 0 ≤ a′1, a′2 ≤ 2, a path P = v1 . . . v5 of length
4 such that vivi+1 is coloured (0, a2, 2) for i ∈ [3] and v4v5 is coloured
(2, a′1, a
′
2) is 3-extensible.
(iv) A path P = v1 . . . v6 of length 5 such that vivi+1 is coloured (0, 1, 2) for
i ∈ [3] and (1, 0, 2) for i ∈ {4, 5} is 5-extensible.
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Proof. Let H be a 3-partite 3-graph with partition classes V1, V2 and V3. For the
rest of the proof, M = {e1, . . . , er} is assumed to be a matching of size r in H and
S = (x1, x2, x3) with xi ∈ Vi \ V (M). Recall that {vi,j} = Vi ∩ ej.
(i) Suppose that (e1, e2) is of type (a1, a2, a3) with a1 + a2 + a3 ≥ 5. Notice by
the definition of LS(e1, e2) that if i = i
′ or j = j′ then vi,jvi′,j′ is not an edge in
LS(e1, e2). Hence, there exists a matching M0 = {f1, f2, f3} of size 3 in LS(e1, e2).
Since |Vi ∩ V (LS(e1, e2))| = 2 for i ∈ [3], without loss of generality we may assume
that V (fi) ∩ Vi = ∅ for i ∈ [3]. Hence (i) holds by Fact 5.4.
(ii) Suppose the contrary that P is not 4-extensible. Let s = 6 and P = e1e2 . . . e6
be a monochromatic path of length 5 with colour (1, 2, 1) in GS(M). By Fact 5.4,
we obtain a contradiction if LS(e1, e2) contains a matching of size 3. Thus, we
may assume that LS(e1, e2) is a path of length 4. To be precise, LS(e1, e2) =
v1,2v3,1v2,2v1,1v3,2 or v1,1v3,2v2,1v1,2v3,1. We write
−−→e1e2 if LS(e1, e2) = v1,2v3,1v2,2v1,1v3,2,
and write −−→e2e1 otherwise. Similar statements also hold for LS(ei, ei+1) for i ∈ [5].
Thus, we may assume that P is oriented (but may not be directed). In the claim
below, we show that P does not contain any of the following oriented subpaths.
Claim 5.6. If P is not 4-extensible, then P does not contain
(a) a path u1u2u3u4 with
←−−u1u2, ←−−u2u3 and ←−−u3u4;
(b) a path u1u2u3u4 with
−−→u1u2, −−→u2u3 and ←−−u3u4;
(c) a path u1u2u3u4u5 with
−−→u1u2, ←−−u2u3, −−→u3u4 and ←−−u4u5;
(d) a path u1u2u3u4u5 with
−−→u1u2, ←−−u2u3, −−→u3u4 and −−→u4u5.
Proof of claim. (a) Suppose we have edges e1, . . . , e4 with
←−−e1e2, ←−−e2e3 and ←−−e3e4.
There exists a matching of size 5 in LS(e1, e2, e3, e4), namely {v1,1v3,2, v3,1v1,2,
v2,2v1,3, v2,3v3,4, v3,3v1,4} (see Figure 1 (A)), and so P is 4-extensible by Fact 5.4,
a contradicition.
(b) Suppose we have edges e1, . . . , e4 with
−−→e1e2, −−→e2e3,←−−e3e4. There exists a match-
ing of size 5 in LS(e1, e2, e3, e4), namely {v1,1v2,2, v3,1v1,2, v3,2v1,3, v2,3v3,4, v3,3v1,4}
(see Figure 1 (B)), and so P is 4-extensible by Fact 5.4, a contradicition.
(c) Suppose we have edges e1, . . . , e5 with
−−→e1e2, ←−−e2e3, −−→e3e4 and ←−−e4e5. Note that
there is a matching of size 6 in LS(e1, e2, e3, e4, e5), namely {v1,1v3,2, v3,1v1,2,
v2,2v1,3, v3,3v1,4, v3,4v1,5, v2,4v3,5} (see Figure 1 (C)), and so P is 4-extensible
by Fact 5.4, a contradicition.
(d) Suppose we have edges e1, . . . , e5 with
−−→e1e2, ←−−e2e3, −−→e3e4 and −−→e4e5. Note that
there is a matching of size 6 in LS(e1, e2, e3, e4, e5), namely {v1,1v3,2, v3,1v1,2,
v2,2v1,3, v3,3v2,4, v1,4v3,5, v3,4v1,5} (see Figure 1 (D)), and so P is 4-extensible
by Fact 5.4, a contradicition. 
Recall that P = e1 . . . e6 is an oriented path of length 5 and not 4-extensible.
Without loss of generality, we may assume that ←−−e3e4. By Claim 5.6(b) on the
subpaths e1e2e3e4 and e4e3e2e1, we deduce that
←−−e1e2. Hence, −−→e2e3 by Claim 5.6(a)
on the subpath e1e2e3e4. By Claim 5.6(b) taking u1u2u3u4 = e5e4e3e2, we have−−→e4e5. Therefore, the path e2e3e4e5e6 satisfies (c) or (d), so P is 4-extensible.
(iii) Let e1, . . . , e5 be edges such that the edge-coloured path e1 . . . e5 in GS
is isomorphic to P . We will only consider the case when a2 = 1 and a
′
1 =
0 = a′2 (since the arguments for the other cases are similar). Hence, e2e3 is
coloured (0, 1, 2) in GM and so either v1,2v3,3 ∈ LS(e2, e3) or v1,3v3,2 ∈ LS(e2, e3).
If v1,2v3,3 ∈ LS(e2, e3), then {v1,2v3,3, v2,2v1,3, v2,3v1,4, v2,4v3,5, v3,4v2,5} (see Fig-
ure 2 (A)) is a matching of size 5 in LS(e2, . . . , e5). If v1,3v3,2 ∈ LS(e2, e3), then
PERFECT MATCHINGS IN 3-PARTITE 3-UNIFORM HYPERGRAPHS 17
e4
V1
V2
V3
e1 e2 e3
(a)
e4
V1
V2
V3
e1 e2 e3
(b)
e5
V1
V2
V3
e1 e2 e3 e4
(c)
e5
V1
V2
V3
e1 e2 e3 e4
(d)
Figure 1. Diagrams for Claim 5.6
e5
V1
V2
V3
e1 e2 e3 e4
(a)
e5
V1
V2
V3
e1 e2 e3 e4
(b)
Figure 2. Diagrams for Lemma 5.5(iii)
{v1,1v2,2, v1,2v2,1, v3,2v1,3, v2,3v1,4, v2,4v3,5, v3,4v2,5} (see Figure 2 (B)) is a matching
of size 6 in LS(e1, . . . , e5). By Fact 5.4, both cases imply that P is 3-extensible.
(iv) Let e1, . . . , e6 be edges such that the edge-coloured path e1 . . . e6 in GS is
isomorphic to P . Since e2e3 is coloured (0, 1, 2) in GM , either v3,2v1,3 ∈ LS(e2, e3)
or v1,2v3,3 ∈ LS(e2, e3). If v3,2v1,3 ∈ LS(e2, e3), then {v1,1v2,2, v2,1v1,2, v3,2v1,3} is a
matching of size 3 in LS(e1, e2, e3). If v1,2v3,3 ∈ LS(e2, e3), then {v2,2v1,3, v1,2v3,3}
is a matching of size 2 in LS(e2, e3). In summary, there exists a matchingM of size
i+ 1 in LS(e3−i, . . . , e3) that is vertex-disjoint from v2,3 for some i ∈ {1, 2}. By a
similar argument, there exists a matching M ′ of size i′+1 in LS(e4, . . . , e4+i′) that
is vertex-disjoint from v1,4 for some i
′ ∈ {1, 2}. Therefore, M ∪M ′ ∪ {v2,3v1,4} is
a matching of size i+ i′ +3 in LS(e3−i, . . . , e4+i′). Moreover, Fact 5.4 implies that
P is 5-extensible. 
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Recall that our aim is to find a large matching in 3-partite 3-graphs H . For
the rest of this section, we assume that M is a matching in H of maximal size m.
Let Xi = Vi \ V (M) for i ∈ [3] and x = |X1|. Set X = X1 × X2 × X3 and so
|X | = x3. Note that if S ∈ X , then S is a triple (x1, x2, x3) with xi ∈ Xi. Let
GS(M) be the matching graph defined above. Given S ∈ X and (a1, a2, a3) with
0 ≤ a1, a2, a3 ≤ 2, define GS(a1, a2, a3) to be the subgraph of GS induced by edges
of colour (a1, a2, a3) and let eS(a1, a2, a3) = |E(GS(a1, a2, a3))|.
Given γ > 0, define G′S(a1, a2, a3) to be a subgraph of GS(a1, a2, a3) such that
the minimum degree δ(G′S(a1, a2, a3)) ≥ γm/16, if it exists. Let e′S(a1, a2, a3) =
|E(G′S(a1, a2, a3))|. We further assume that G′S(a1, a2, a3) is chosen such that
e′S(a1, a2, a3) is maximal. Note that G
′
S(a1, a2, a3) is a function of γ and the value
of γ will always be known from the context. We need the following simple fact for
graphs. It is easily proved by consecutively removing a vertex v with degree less
than εn. Thus, its proof is omitted.
Proposition 5.7. Let G be a graph of order n. If e(G) > 2ε
(
n
2
)
, then there exists
an induced subgraph G′ ⊆ G with δ(G′) ≥ εn and e(G−G′) < 2ε(n2).
Proposition 5.7 implies that
eS(a1, a2, a3)− e′S(a1, a2, a3) ≤
γ
8
(
m
2
)
. (5.1)
LetG′S(·, ·, 0) be the union ofG′S(2, 2, 0),G′S(2, 1, 0) andG′S(1, 2, 0) and let e′S(·, ·, 0) =
|E(G′S(·, ·, 0))|. Hence, for all S ∈ X ,
e′S(·, ·, 0) ≥ eS(2, 2, 0) + eS(2, 1, 0) + eS(1, 2, 0)−
3γ
8
(
m
2
)
. (5.2)
Define G′S(·, 0, ·), G′S(0, ·, ·), e′S(·, 0, ·) and e′S(0, ·, ·) similarly.
As mentioned at the beginning of this section, we would like to find a large
matching of size at least (1−ρ)n in H . SupposeM is a matching in H of maximum
size with m = |M | < (1− ρ)n. Define X1, X2, X3 and X as above. Assume that we
are in the ideal case that given e, e′ ∈M , LS(e, e′) = LS′(e, e′) for S, S′ ∈ X . Thus,
the matching graph GS is the same for all S ∈ X . Since δ1(H) is large, we are able
to deduce some information on the distribution of colours in GS . For example, GS
is not monochromatic in colour (0, 0, 0). Most importantly, there exists an edge-
coloured path P in GS isomorphic to one of those listed in Lemma 5.5. Since P
is p-extensible for p ≤ 5 ≤ |Xi|, we can enlarge M contradicting the maximality
of M .
In the next lemma, we study the colour distribution of GS for all S ∈ X . We
would also like to point out that there is no assumption on δ1(H) in the hypothesis
of the lemma.
Lemma 5.8. Let 0 < ρ, γ < 10−6 and let n be a sufficiently large integer. Suppose
that H is a 3-partite 3-graph with partition classes V1, V2, V3 each of size n. Let M
be a matching in H of maximal size m = |M | = (1 − ρ)n. Set Xi = Vi \ V (M)
for i ∈ [3] and X = X1 ×X2 ×X3. Let x = ρn = |X1| = |X2| = |X3|. Then the
following statements hold:
(i) For all S ∈ X and all a1 + a2 + a3 ≥ 5, eS(a1, a2, a3) = 0.
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(ii) For all but at most 3x3/8 sets S ∈ X, we have
eS(2, 1, 1), eS(1, 2, 1), eS(1, 1, 2) <
γ
2
(
m
2
)
. (5.3)
(iii) There are less than x3/24 sets S ∈ X such that
|V (G′S(0, ·, ·)) ∩ V (G′S(·, 0, ·))| ≥ γm/8.
Moreover, similar statements hold for |V (G′S(0, ·, ·)) ∩ V (G′S(·, ·, 0))| and
|V (G′S(·, 0, ·)) ∩ V (G′S(·, ·, 0))|.
(iv) There are less than x3/8 sets S ∈ X such that each of V (G′S(0, ·, ·)),
V (G′S(·, 0, ·)) and V (G′S(·, ·, 0)) has size at least (1/3 + γ/8)m.
(v) Let S = (x1, x2, x3) ∈ X such that S satisfies (5.3) and e(Lxi [M ]) ≥
(1 + α)
(
m
2
)
for i ∈ [3] with α > 0. Then
e′S(·, ·, 0), e′S(·, 0, ·), e′S(0, ·, ·) ≥ (α− 7γ/8)
(
m
2
)
.
(vi) There are less than x3/8 sets S = (x1, x2, x3) ∈ X such that S satisfies
(5.3) and e(Lxi[M ]) ≥ (10/9 + γ)
(
m
2
)
for all i ∈ [3].
Proof. Note that an edge (e1, e2) with colour (a1, a2, a3) with a1+ a2+ a3 ≥ 5 is 1-
extensible by Lemma 5.5(i). If such an edge exists in GS(M) for some S ∈ X , then
Definition 5.3 implies that there exists a matching M ′ of size 3 on V (e1)∪ V (e2)∪
V (S). Hence, we can enlarge M by replacing {e1, e2} with M ′. This contradicts
the maximality of M and so (i) holds.
Suppose that (ii) is false, so without loss of generality there exists a subset
X ′ ⊆ X of size at least x3/8 such that eS(1, 2, 1) ≥ γ2
(
m
2
)
for every S ∈ X ′. Pick
S ∈ X ′. By Proposition 5.7, the subgraph G′S(1, 2, 1) exists with |V (G′S(1, 2, 1))| ≥
γm/16. Thus, for each S ∈ X ′ there are at least (γm/32)6 copies of a path of
length 5 in G′ ⊆ GS(1, 2, 1). Then by an averaging argument, there exists a copy
P0 = e1e2e3e4e5e6 of a path of length 5 such that P0 ⊆ GS(1, 2, 1) for at least
2−33γ6x3 sets S ∈ X ′. Note that if (e′1, e′2) is coloured (1, 2, 1) in GS , then there
are 4 possible structures for LS(e
′
1, e
′
2). Thus, there are at least 2
−43γ6x3 > 9x2
sets S ∈ X such that LS(e1, e2, e3, e4, e5, e6) is identical, where we recall that
x = ρn and n is sufficiently large. Moreover, there exist four such sets S1, . . . , S4 ∈
X that are vertex-disjoint. Since a monochromatic path of length 5 with colour
(1, 2, 1) is 4-extensible by Lemma 5.5(ii), there exists a matching M ′ of size 7 in
H [
⋃
i∈[6] V (ei)∪
⋃
j∈[4] V (Sj)] by Definition 5.3. Hence, (M −{e1, . . . , e6})∪M ′ is
a matching of size m+ 1, contradicting the maximality of M . Thus (ii) holds.
To prove (iii), suppose that there are at least x3/24 sets S ∈ X such that
|V (G′S(0, ·, ·))∩V (G′S(·, 0, ·))| ≥ γm/8. We will only consider the cases when there
are at least x3/216 sets S ∈ X such that one of the following holds:
(a) |V (G′S(0, 2, 1)) ∩ V (G′S(2, 0, 1))| ≥ γm/72 for all such S,
(b) |V (G′S(0, 1, 2)) ∩ V (G′S(1, 0, 2))| ≥ γm/72 for all such S.
The arguments for the other cases are similar.
First suppose that (a) holds, that is, there are at least x3/216 sets S ∈ X with
|V (G′S(0, 2, 1))∩V (G′S(2, 0, 1))| ≥ γm/72. Recall that δ(G′S(0, 2, 1)), δ(G′S(2, 0, 1)) ≥
γm/16. Thus, for each such S there are at least
γm
72
γm
16
(γm
16
− 1
)(γm
16
− 2
)(γm
16
− 3
)
≥ 1
9
(γm
16
)5
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copies of 4-paths P0 = e1 . . . e5 in GS such that eiei+1 has colour (0, 2, 1) for
i ∈ [3] and e4e5 has coloured (2, 0, 1). By a similar averaging argument used in the
proof of (ii), there exist edges e1, e2, . . . , e5 ∈M and vertex-disjoint S1, S2, S3 ∈ X
such that, for each i ∈ [3], e1 . . . e5 is isomorphic to the 4-path P0 in GSi and
LSi(e1, . . . , e5) is identical. Since P0 is 3-extensible by Lemma 5.5(iii), there exists
a matching M ′ of size 6 in H [
⋃
i∈[5] V (ei)∪
⋃
j∈[3] V (Sj)] by Definition 5.3. Hence,
(M − {e1, . . . , e5}) ∪M ′ is a matching of size m+ 1, contradicting the maximality
of M .
Next, suppose that (b) holds. Let P ′0 = v1 . . . v6 be an edge-coloured path of
length 5 such that vivi+1 is coloured (0, 2, 1) for i ∈ [3] and (2, 0, 1) for i ∈ {4, 5}.
By a similar averaging argument used above, there exist edges e1, e2, . . . , e6 ∈ M
and vertex-disjoint S1, . . . , S5 ∈ X such that, for each i ∈ [5], e1 . . . e6 is isomorphic
to the path P ′0 in GSi and LSi(e1, . . . , e6) is identical. Since P
′
0 is 5-extensible by
Lemma 5.5(iv), there exists a matchingM ′ of size 7 inH [
⋃
i∈[6] V (ei)∪
⋃
j∈[5] V (Sj)]
by Definition 5.3. Hence, (M − {e1, . . . , e6}) ∪M ′ is a matching of size m + 1,
contradicting the maximality of M . Thus (iii) holds, which implies (iv).
To prove (v), define GS(a1, ∗, ∗) to be the subgraph
⋃
0≤b2,b3≤2
GS(a1, b2, b3) and
write eS(a1, ∗, ∗) for |E(GS(a1, ∗, ∗))|. Similarly, define GS(∗, a2, ∗), GS(∗, ∗, a3),
eS(∗, a2, ∗) and eS(∗, ∗, a3). Recall that for a vertex x, Lx[M ] =
⋃
{ei,ej}∈(M2 )
Lx[V (ei), V (ej)].
So
e(Lx1[M ]) = 2eS(2, ∗, ∗) + eS(1, ∗, ∗) = eS(2, ∗, ∗) +
(
m
2
)
− eS(0, ∗, ∗)
≤ eS(2, ∗, ∗) +
(
m
2
)
− e′S(0, ·, ·)− eS(0, 2, 0).
By our assumption on e(Lx1 [M ]), the inequality above implies that
eS(2, ∗, ∗) ≥α
(
m
2
)
+ e′S(0, ·, ·) + eS(0, 2, 0). (5.4)
On the other hand, by (5.3) and (5.2) we have
eS(2, ∗, ∗) ≤ e′S(·, ·, 0) + e′S(·, 0, ·) + eS(2, 1, 1) + eS(2, 0, 0) +
3γ
4
(
m
2
)
≤ e′S(·, ·, 0) + e′S(·, 0, ·) + eS(2, 0, 0) +
7γ
8
(
m
2
)
.
Thus, together with (5.4), we have
e′S(·, ·, 0) + e′S(·, 0, ·) + eS(2, 0, 0) ≥
(
α− 7γ
8
)(
m
2
)
+ e′S(0, ·, ·) + eS(0, 2, 0),
and by a similar argument (i.e. swapping the indices) we have
e′S(·, ·, 0) + e′S(0, ·, ·) + eS(0, 2, 0) ≥
(
α− 7γ
8
)(
m
2
)
+ e′S(·, 0, ·) + eS(2, 0, 0).
Therefore, by combining the last two inequalities, we obtain
e′S(·, ·, 0) ≥ (α− 7γ/8)
(
m
2
)
.
We obtain similar statements for e′S(·, 0, ·) and e′S(0, ·, ·). Hence, (v) holds.
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Finally suppose that (vi) is false. Thus there are at least x3/8 sets S = (x1, x2, x3) ∈
X such that S satisfies (5.3) and e(Lxi[M ]) ≥ (10/9 + γ)
(
m
2
)
for all i ∈ [3]. For
each such S, (v) implies that e′S(·, ·, 0) ≥ (1/9 + γ/8)
(
m
2
)
. Hence, G′S(·, ·, 0) spans
at least (1/3+γ/8)m vertices in GS(M), and similar statements hold for G
′
S(·, 0, ·)
and G′S(0, ·, ·). However this contradicts (iv). 
Here, we prove Theorem 5.1 implying that m′1(3, n) ∼ 5n2/9 for large n.
Proof of Theorem 5.1. Fix 0 < γ < 10−6 and assume that n0 is sufficiently large..
Let H be a 3-partite 3-graph with n > n0 vertices in each class and δ1(H) ≥
(5/9 + γ)n2. Note that γ satisfies the hypothesis of Lemma 4.2 with k = 3 and
l = 1. Let M be the matching given by Lemma 4.2 and so |M | ≤ 2γ3n. Let
H ′ = H \ V (M) be the 3-partite 3-graph with partition classes V ′1 , V ′2 , V ′3 each of
size n′, where V ′i = Vi \ V (M) and n′ = n− |M |. Note that
δ1(H
′) ≥ (5/9 + γ)n2 − 4γ3n2 ≥ (5/9 + γ/2)n′2.
Let M1 be a largest matching in H
′ of size m. Next we claim that m ≥ (1−6γ6)n′.
Suppose the contrary, so m < (1 − 6γ6)n′. Let Xi = V ′i \ V (M1) for i ∈ [3] and
X = X1 ×X2 ×X3. Without loss of generality, we may suppose that x = |X1| =
|X2| = |X3| = ρn (by assigning additional balanced 3-sets to M and omiting floors
and ceilings for clarity of presentation). Given vertex x /∈ V (M), the number of
2-sets T ⊆ V such that T /∈ Lx[M ], is at most 2xm+m ≤ 2ρn′2 ≤ γn′2/2. Hence,
by the assumption on δ1(H
′), for every x ∈ X ,
e(Lx[M ]) ≥ degH′(x) − γn′2/2 ≥ (5/9 + γ/2)n′2 ≥ (10/9 + γ)
(
m
2
)
.
However, this implies a contradiction by Lemma 5.8(ii) and (iv). Therefore, m ≥
(1− 6γ6)n′ as claimed.
Let W = V (H ′) \ V (M1). Note that W is balanced with at most 6γ6n′ <
6γ6n vertices. Thus, there exists a matching M2 covering exactly the vertices of
V (M)∪W by the property of M , and so M1 ∪M2 is a perfect matching in H . 
5.3. Proof of Lemma 5.2. Lemma 5.8 provides us with some information on
the matching graph GS(M) when the matching M is not large enough. To prove
Lemma 5.2, we analyze the structure of GS(M) further. The proof involves a series
of claims, which gives the structure of H .
Proof of Lemma 5.2. Without loss of generality, we may assume that n0 is suffi-
ciently large. Let V1, V2 and V3 be the partition classes of H and let M be a
matching in H with maximal size. Let m = |M |, so n − m ≥ ρn. By assigning
additional balanced 3-sets to M and omitting floors and ceilings for clarity of pre-
sentation, we may assume that m = (1− ρ)n. Set Yi = V (M)∩ Vi and Y = V (M).
Let Xi = Vi \ Yi for i ∈ [3] and x = |Xi| = ρn. For every S ∈ X1 × X2 × X3,
define GS , G
′
S(a1, a2, a3) and G
′
S(·, ·, 0) as in Section 5.2. We abuse the notation
by letting X to mean both X1 ×X2 ×X3 and X1 ∪ X2 ∪ X3, but it will be clear
from the context.
In the next claim, we bound the number of edges of type XXY in H , (where
X = X1 ∪ X2 ∪ X3). Recall that for a vertex v ∈ V (H) and disjoint vertex sets
U,U ′ ⊆ V (H), Lv[U,U ′] is the bipartite subgraph of Lv induced by the vertex
classes U and U ′.
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Claim 5.9. For all i ∈ [3], all but at most x/8 vertices xi ∈ Xi satisfy e(Lxi[X,Y ]) ≤
(1 +
√
γ)mx.
Proof. Suppose the claim is false for i = 1 say. Pick x1 ∈ X1 such that e(Lx1 [X,Y ]) >
(1+
√
γ)mx. For an edge e ∈M , we say that e is good for x1 if each of v2 = V (e)∩V2
and v3 = V (e) ∩ V3 has degree at least 1 in Lx1[V (e), X ]. We claim that there are
at least 2
√
γm/3 good edges for x1. Indeed this is true or else we have
e(Lx1 [X,Y ]) < x · (1− 2
√
γ/3)m+ 2x · 2√γm/3 = (1 + 2√γ/3)mx,
a contradiction. Since there are at least x/8 such x1 ∈ X1, by an averaging argu-
ment there exists an edge e ∈ M that is good for distinct x1, x′1 ∈ X1. Thus there
exist u ∈ X3 and u′ ∈ X2 such that x1v2u and x′1u′v3 are vertex-disjoint edges
in H , where vi = V (e) ∩ Vi. Hence, we can enlarge M (by replacing e with x1v2u
and x′1u
′v3) contradicting the maximality of M . 
Denote by X ′ the set of S = (x1, x2, x3) ∈ X1 ×X2 ×X3 such that
(a) eS(2, 1, 1), eS(1, 2, 1), eS(1, 1, 2) ≤ γ2
(
m
2
)
,
(b) e(Lxi [X,Y ]) ≤ (1 +√γ)mx for all i ∈ [3],
(c) |V (G′S(0, ·, ·)) ∩ V (G′S(·, 0, ·))| ≤ γm/8, and similar arguments hold, where
we swap the indices.
Note that |X ′| ≥ x3/8 by Lemma 5.8(ii), (iii) and Claim 5.9. The following claim
shows thatm = |M | ≥ (1−3√γ/2)n. Recall that Lx[M ] = ⋃{ei,ej}∈(M2 ) Lx[V (ei), V (ej)]
for x ∈ X .
Claim 5.10. For each S = (x1, x2, x3) ∈ X ′ and all i ∈ [3], e(Lxi [M ]) ≥ (10/9− 2γ)
(
m
2
)
.
Moreover, m ≥ (1− 3√γ/2)n.
Proof. Pick i ∈ [3]. Note that there are at most m sets T ∈ (V2) such that {xi}∪ T
is an edge and T is contained in an edge e ∈ M . By the maximality of M , every
edge containing xi must intersect M . Recall that n = m+x and
√
γx =
√
γρn ≥ 1
as n is large, so
e(Lxi[M ]) ≥ degH(xi)− e(Lxi[X,Y ])−m
≥ (5/9− γ)n2 − (1 + 2√γ)mx
= (5/9− γ)(m2 + x2) + (1/9− 2γ − 2√γ)mx
≥ (5/9− γ)(m2 + x2). (5.5)
Hence e(Lxi [M ]) ≥ (10/9− 2γ)
(
m
2
)
. Now suppose that m < (1− 3√γ/2)n and so
x > 3
√
γ/2n ≥ 3√γ/2m. Hence, (5.5) becomes
e(Lxi [M ]) ≥ (5/9− γ) (1 + 9γ/2)m2 ≥ (10/9 + γ)
(
m
2
)
for all i ∈ [3] and S = (x1, x2, x3) ∈ X ′. Since (a) implies (5.3), this contradicts
Lemma 5.8(vi) as |X ′| ≥ x3/8. This completes the proof of the claim. 
In the next claim, we show that for each S ∈ X ′ almost all edges in GS have
colours (2, 2, 0), (2, 0, 2), (0, 2, 2) or (1, 1, 1).
Claim 5.11. For each S ∈ X ′, e′S(2, 2, 0), e′S(2, 0, 2), e′S(0, 2, 2) ≥ (1/9− 23γ)
(
m
2
)
and eS(1, 1, 1) ≥ (2/3− 55γ)
(
m
2
)
. In particular, there are at most 125γ
(
m
2
)
edges
in GS(M) not coloured by (2, 2, 0), (2, 0, 2), (0, 2, 2) or (1, 1, 1).
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Proof. By Claim 5.10 and Lemma 5.8(v) taking α = 1/9− 2γ, we have
e′S(·, ·, 0), e′S(·, 0, ·), e′S(0, ·, ·) ≥ (1/9− 3γ)
(
m
2
)
.
Hence, |V (G′S(·, ·, 0))|, |V (G′S(·, 0, ·))|, |V (G′S(0, ·, ·))| ≥ (1/3 − 5γ)m. Together
with (c) we can bound |V (G′S(·, ·, 0))|, |V (G′S(·, 0, ·))|, |V (G′S(0, ·, ·))| from above
by (1/3 + 11γ)m. Moreover,
e′S(2, 2, 0) ≤ e′S(·, ·, 0) ≤
(
1
9
+
15γ
2
)(
m
2
)
. (5.6)
Denote by qS(j) the number of edges (e1, e2) in GS such that (e1, e2) is coloured
(a1, a2, a3) with a1 + a2 + a3 = j. Clearly,
∑
j qS(j) =
(
m
2
)
. Lemma 5.8(i) implies
that qS(j) = 0 for j ≥ 5. In addition, by property (a) and (5.1) we have
qS(4) = eS(2, 2, 0) + eS(2, 0, 2) + eS(0, 2, 2)
+ eS(2, 1, 1) + eS(1, 2, 1) + eS(1, 2, 1)
≤ e′S(2, 2, 0) + e′S(2, 0, 2) + e′S(0, 2, 2) + 2γ
(
m
2
)
.
Therefore,
e(LS[M ]) =
∑
j≤4
jqS(j) ≤ 3
(
m
2
)
+ qS(4)−
∑
j≤2
qS(j)
≤ e′S(2, 2, 0) + e′S(2, 0, 2) + e′S(0, 2, 2) + (3 + 2γ)
(
m
2
)
−
∑
j≤2
qS(j).
Recall that LS [M ] = Lx1 [M ] ∪ Lx2 [M ] ∪ Lx3 [M ], where S = (x1, x2, x3). Hence,
Claim 5.10 implies that
e′S(2, 2, 0) + e
′
S(2, 0, 2) + e
′
S(0, 2, 2) ≥
(
1
3
− 8γ
)(
m
2
)
+
∑
j≤2
qS(j). (5.7)
Together with (5.6), we deduce that each of e′S(2, 2, 0), e
′
S(2, 0, 2) and e
′
S(0, 2, 2) is
at least (1/9− 23γ) (m2 ). Moreover (5.7) becomes ∑j≤2 qS(j) ≤ 31γ(m2 ). By (5.2)
and (5.6), we have(
m
2
)
= e(GS) =
∑
j≤2
qS(j) + qS(3) + qS(4)
≤ 31γ
(
m
2
)
+ eS(1, 1, 1) + e
′
S(·, ·, 0) + e′S(·, 0, ·) + e′S(0, ·, ·) +
9γ
8
(
m
2
)
≤ (1/3 + 55γ)
(
m
2
)
+ eS(1, 1, 1),
where the last inequality is due to (5.6). Thus, eS(1, 1, 1) ≥ (2/3− 55γ)
(
m
2
)
as
required. 
Next we show that there exist two vertex-disjoint sets S1, S2 ∈ X ′ such that the
matching graphs GS1 and GS2 are virtually the same.
Claim 5.12. There exist two vertex-disjoint sets S1, S2 ∈ X ′ such that GS1 and
GS2 have at most 750γ
(
m
2
)
edges that are coloured differently or not coloured by
(2, 2, 0), (2, 0, 2), (0, 2, 2) nor (1, 1, 1).
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Proof. Recall that |X ′| ≥ x3/8. By [9] (taking X ′ to be the edge set on the vertex
set X1∪X2∪X3), we know that there exist distinct xi, x′i ∈ Xi for each i ∈ [3] such
that {x1, x′1}×{x2, x′2}×{x3, x′3} ⊆ X ′. Set S1 = (x1, x2, x3) and S2 = (x′1, x′2, x′3).
To prove the claim, it is sufficient to show that if S, S′ ∈ X ′ differ only in one vertex,
then there are at most 250γ
(
m
2
)
edges that are coloured differently in GS and GS′
or not coloured by (2, 2, 0), (2, 0, 2), (0, 2, 2) nor (1, 1, 1). Without loss of generality,
we may assume that S = (x1, x2, x3) and S
′ = (x′1, x2, x3). Note that for distinct
e1, e2 ∈ M , if (e1, e2) is of type (a1, a2, a3) with respect to S, then (e1, e2) is of
type (a′1, a2, a3) with respect to S
′. Thus, if (e1, e2) is coloured differently in GS
and GS′ , then (e1, e2) is not coloured by (2, 2, 0), (2, 0, 2), (0, 2, 2), (1, 1, 1) in GS
or GS′ . By Claim 5.11, all but at most 125γ
(
m
2
)
edges are coloured by (2, 2, 0),
(2, 0, 2), (0, 2, 2), (1, 1, 1) for GS and similarly for GS′ . So the claim follows. 
Fix S1 = (x1, x2, x3) and S2 = (x
′
1, x
′
2, x
′
3) in X
′ satisfying Claim 5.12 for the
rest of the proof. Let G be the edge-coloured subgraph of a complete graph with
vertex set M induced by the edges that are coloured the same in GS1 and GS2
with colours in {(1, 1, 1), (2, 2, 0), (2, 0, 2), (0, 2, 2)}. By Claim 5.12, G has at least
(1 − 750γ)(m2 ) edges. By Proposition 5.7 and removing at most 8γ(m2 ) additional
edges in G, we may further assume that the subgraph induced by edges of one
colour (after removing the isolated vertices) has minimum degree at least γm. Call
the resulting subgraph G′ and note that e(G′) ≥ (1 − 758γ)(m2 ). Moreover, by
Claim 5.11 we have
e(G′(2, 2, 0)), e(G′(2, 0, 2)), e(G′(0, 2, 2)) ≥ (1/9− 790γ)
(
m
2
)
, (5.8)
where G′(a1, a2, a3) is the monochromatic subgraph of G
′ induced by the edges of
colour (a1, a2, a3) with all isolated vertices removed.
Define M1 to be the set of edges e ∈M such that e is an vertex in V (G′(0, 2, 2)).
Similarly define M2 to be the set of edges e ∈ V (G′(2, 0, 2)) and M3 to be the set
of edges e ∈ V (G′(2, 2, 0)). In the next claim, we study the induced subgraph of
G induced on the vertex set M1 ∪M2 ∪M3. Recall that {vi,j} = Vi ∩ V (ej) for
ej ∈M .
Claim 5.13. (a) |M1|, |M2|, |M3| ≥ (1/3− 1200γ)m.
(b) M1, M2 and M3 are pairwise disjoint.
(c) Let e1 ∈ Mi and e2 ∈ Mi′ with i 6= i′. Then each edge of LS1(e1, e2) ∪
LS2(e1, e2) is incident with vi,1 or vi′,2. Moreover if e1e2 ∈ E(G′), then
e1e2 is coloured (1, 1, 1) and LS1(e1, e2) = LS2(e1, e2).
(d) Let e1, e2 ∈ M1. If e1e2 ∈ E(G′), then e1e2 is coloured (0, 2, 2). Similar
statement holds for M2 and M3.
(e) If e1, e2 ∈M1 ∪M2 ∪M3 and e1e2 ∈ E(G′), then LS1(e1, e2) = LS2(e1, e2).
Proof. Let S1 = (x1, x2, x3) and S
′
2 = (x
′
1, x
′
2, x
′
3). Since γ < 10
−6, (a) holds
by (5.8).
To prove (b), suppose that M1 ∩M2 6= ∅. By the minimum degree of G′(0, 2, 2)
and G′(2, 0, 2), there exists a path e1e2e3e4 in G
′ such that e1e2e3 is coloured
(0, 2, 2) and e3e4 is coloured (2, 0, 2). Therefore, there exists a matching
M ′ = {v1,1v2,2, v1,2v2,1, v3,2v1,3, v2,3v3,4, v3,3v2,4}
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e4
V1
V2
V3
e1 e2 e3
(a)
e3
V1
V2
V3
e0 e1 e2
(b)
e3
V1
V2
V3
e0 e1 e2
(c)
Figure 3. Diagrams for Claim 5.13
of size 5 in LSi(e1, e2, e3, e4) for i = 1, 2, see Figure 3(A). This implies that
M ′′ = {x3v1,1v2,2, x′3v1,2v2,1, x2v3,2v1,3, x1v2,3v3,4, x′1v3,3v2,4}
is a matching of size 5 on H [V ({e1, . . . , e4}∪S1∪S2)]. Thus, M ∪M ′′−{e1, . . . , e4}
is a matching of size m + 1, contradicting the maximality of |M |. Therefore (b)
follows.
To prove (c), without loss of generality, we may assume that i = 1 and i′ = 2.
Let e0, e3 ∈M \ {e1, e2} such that e0 6= e3 and e0e1 and e2e3 are of colours (0, 2, 2)
and (2, 0, 2) respectively in G′. Note that e0 and e3 exist by the minimum degree
of G′(0, 2, 2) and G′(2, 0, 2). Suppose (c) is false, so v2,1v3,2 ∈ E(LS1(e1, e2)) say.
Then there exists a matching
M ′ = {v1,0v3,1, v3,0v1,1, v2,1v3,2, v1,2v2,3, v1,3v2,2}
of size 5 in LS1(e0, e1, e2, e3), see Figure 3(B). Moreover,M
′−v2,1v3,2 is a subgraph
of LS2(e0, e1, e2, e3). Therefore
M ′′ = {x2v1,0v3,1, x′2v3,0v1,1, x1v2,1v3,2, x3v1,2v2,3, x′3v1,3v2,2}
is a matching of size 5 onH [V ({e0, . . . , e3}∪S1∪S2)]. Thus,M∪M ′′−{e0, . . . , e3} is
a matching of size m+1, contradicting the maximality ofM . Therefore (c) follows.
To prove (d), let e0, e3 ∈ M1 \ {e1, e2} such that e0 6= e3 and e0e1 and e2e3
are both coloured (0, 2, 2) in G′, which exist by the minimum degree of G′(0, 2, 2).
Suppose that e1e2 is coloured by one of {(2, 2, 0), (2, 0, 2), (1, 1, 1)}. Without loss
of generality, we may assume that v2,2v3,1 ∈ E(LSi(e1, e2)) for i = 1, 2. Note that
there exists a matching
M ′ = {v1,0v2,1, v2,0v1,1, v3,1v2,2, v1,2v3,3, v3,2v1,3}
of size 5 in LSi(e0, e1, e2, e3) for i = 1, 2, see Figure 3(C). By similar arguments
used in (b) and (c), this implies a contradiction and so (d) holds.
Note that if e1e2 is coloured (0, 2, 2) in G
′ then LS1(e1, e2) = LS2(e1, e2). There-
fore, in order to prove (e), it is enough to consider the case when e1e2 is coloured
(1, 1, 1) in G′. Since e1, e2 ∈M1 ∪M2 ∪M3 and c(e1e2) = (1, 1, 1), (d) implies that
e1 ∈Mi and e2 ∈Mi′ with i 6= i′. Hence, LS1(e1, e2) = LS2(e1, e2) by (c). 
Recall Claim 5.10 that m ≥ (1 − 3√γ/2)n. For each i ∈ [3], pick M ′i ⊆ Mi of
size exactly (1/3− 1200γ)m ≥ (1 − γ′′)n/3. Set M ′ = ⋃i∈[3]M ′i . Now we define
H ′ to be the 3-partite 3-graph in H induced by the vertex set V (M ′). Hence, each
partition has size n′ = 3|M ′i | ≥ (1− γ′′)n. Let V ′i = V (H ′) ∩ Vi, Wi = V (M ′i) ∩ V ′i
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and Ui = V
′
i \Wi. Set V ′ = V (H ′), W =
⋃
i∈[3]Wi and U =
⋃
i∈[3] Ui. Note that
|Wi| = n′/3 and |Ui| = 2n′/3. Our aim is to show that H ′ is 8γ′′-close to H ′3(n′;n′).
The next two claims show that the number of edges in H ′ of type UUU is small.
Claim 5.14. Let {e1, e2, e3} be a triangle in G′ with ej ∈M ′. Then u1u2u3 is not
an edge in H for uj ∈ V (ej) ∩ U for j ∈ [3].
Proof. Suppose the contrary let u1u2u3 be an edge in H with uj ∈ V (ej) ∩ U .
Without loss of generality, we may assume that uj = vj,j = V (ej) ∩ V ′j . Further
suppose that ej ∈ Mij . Since Vij ∩ V (ej) ∈ Wij , we have ij 6= j. In order to
obtain a contradiction, it is sufficient to show that there exists a matching of size 3
in LS1(e1, e2)∪LS1(e2, e3)∪LS1(e3, e1) avoiding the vertices u1, u2, u3, which then
implies that we can enlarge M together with S1 and S2.
First suppose that i1, i2, i3 are distinct. Without loss of generality we may
assume that e1 ∈ M ′2, e2 ∈ M ′3 and e3 ∈ M ′1. Since e1e2e3 forms a triangle in
G′, by Claim 5.13(c) and (e) we deduce that (ei, ej) is coloured (1, 1, 1) for i 6= j.
Moreover, we can determine the exact structure of LS(ei, ej) for i 6= j. In particular,
{v1,2v2,1, v1,3v3,1, v2,3v3,2} is a matching of size 3 avoiding u1u2u3. Hence, we may
assume that e1 ∈ M ′2 and e2, e3 ∈ M ′1. By Claim 5.13(c)–(e), we determine the
exact structure of LS(ei, ej) for i 6= j. Moreover, there is also a matching of size 3,
namely {v1,2v2,1, v1,3v3,1, v2,3v3,2}. 
Claim 5.15. The number of edges of type UUU is at most 2γ′′n′
3
/3.
Proof. Given a vertex u ∈ U , let e(u) be the edge in M ′ containing u. Since each
edge in M ′ is of type UUW , the number of edges u1u2u3 of type UUU with e(ui)
not distinct is at most n′ × 2n′/3 = 2n′2/3. Let u1u2u3 be an edge of type UUU
with e(ui) distinct. By Claim 5.14, {e(u1), e(u2), e(u3)} does not form a triangle
in G′. Since G′ misses at most 758γ
(
m
2
)
edges, at most 127γm3 submatchings
{ej, ej′ , ej′′} ⊆ M do not form a triangle in G′. For each such submatching of
size 3, there are at most 8 ways of choosing u1, u2 and u3. Therefore, the number
of edges of type UUU in H ′ is at most 2n′
2
/3 + 8× 127γm3 ≤ 2γ′′n′3/3. 
Finally, we are ready to show that H ′ is 8γ′′-close to H ′3(n
′;n′). Denote by
eH′ [Q1Q2Q3] the number of edges in H
′ of type Q1Q2Q3. For u1 ∈ U1,
degH′(u1) ≥ δ1(H)− 2(n− n′)n ≥ (5/9− γ − 2γ′′)n2 ≥ (5/9− 3γ′′)n′2.
Hence, there are (10/27 − 2γ′′)n′3 edges of type U1V ′2V ′3 as |U1| = 2n′/3. Re-
call Claim 5.15 that the number of edges of type UUU is eH′ [UUU ] ≤ 2γ′′n′3/3.
Therefore,
eH′ [U1W2W3] + eH′ [U1U2W3] + eH′ [U1W2U3] ≥ (10/27− 8γ′′/3)n′3.
and similar inequalities hold when we swap the indices. Note that eH′ [UUW ] ≤
4n′3/9. Thus,
3(10/27− 8/3γ′′)n′3 ≤ eH′ [UWW ] + 2eH′ [UUW ]
≤ eH′ [UWW ] + eH′ [UUW ] + 4n′3/9,
(2/3− 8γ′′)n′3 ≤ eH′ [UWW ] + eH′ [UUW ].
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Recall that each edge of H ′3(n
′;n′) is of type either UUW or UWW . This means
that e(H ′3(n
′;n′)) = 2n′
3
/3 and so H ′ is 8γ′′-close to H ′3(n
′;n′). This completes
the proof of Lemma 5.2. 
6. Extremal Result
Our aim of this section is to prove that if H is ε-close to H ′3(n;n) and δ1(H) >
d3(n;n− 1), then H contains a perfect matching.
Lemma 6.1. For all 0 < ε < 2−23−22, there exists an integer n′0 such that the
following holds. Suppose H is a 3-partite 3-graph with each class of size n ≥ n′0.
If H is ε-close to H ′3(n;n) and δ1(H) > d3(n, n − 1), then H contains a perfect
matching.
Our argument follows closely to Ku¨hn, Osthus, and Treglown [14, Lemma 7].
Given a 3-graph H and a vertex v ∈ V (H), we write LHv for the link graph of v
with respect to H . Given α > 0 and a 3-partite 3-graph H on the same partition
classes as H ′(n; d1, d2, d3), we say a vertex v ∈ V (H) is α-good with respect to
H(n; d1, d2, d3) if |E(LH(n;d1,d2,d3)v − LHv )| ≤ αn2. Otherwise v is said to be α-bad.
Next we show that if all vertices of H are α-good with respect to H ′(n; d1, d2, d3)
with d1 + d2 + d3 = n, then H contains a perfect matching.
Lemma 6.2. Let 0 < α < 2−8 and let n, d1, d2 and d3 be integers such that
d1, d2, d3 ≥ 5n/16 and d1+d2+d3 = n ≥ 10. Suppose that H is a 3-partite 3-graph
on the same partition classes as H ′(n; d1, d2, d3) and every vertex of H is α-good
with respect to H ′(n; d1, d2, d3). Then H contains a perfect matching.
Proof. Let U1∪W1, U2∪W2 and U3∪W3 be the partition classes of H ′(n; d1, d2, d3)
with |Wi| = di for i ∈ [3]. Consider the largest matching M in H which consists
entirely of edges of type UUW , where U =
⋃
i∈[3] Ui andW =
⋃
i∈[3]Wi. For i ∈ [3],
define Mi to be the submatching in M consisting of all edges of type UUWi. Thus
M = M1 ∪ M2 ∪ M3. Let U ′i = Ui \ V (M) and W ′i = Wi \ V (M) for i ∈ [3].
We may assume that W ′1 ∪W ′2 ∪W ′3 6= ∅, or else M is a perfect matching in H .
Without loss of generality, we may assume that W ′1 6= ∅ and so U ′2 6= ∅ and U ′3 6= ∅.
Next, we are going to show that |M1| ≥ n/4. Let w1 ∈ W ′1. Note that w1u2u3 is
not an edge in H for all ui ∈ U ′i and all i = 2, 3. Otherwise, M ∪ {w1u2u3} is a
matching contradicting the maximality of M . Since w1 is α-good with respect to
H ′(n; d1, d2, d3), it follows that
|U ′2||U ′3| ≤ |E(LH(n;d1,d2,d3)v − LHv )| ≤ αn2
and so min{|U ′2|, |U ′3|} ≤
√
αn, say |U ′2| ≤
√
αn. Thus,
|M1| = |V2 ∩ V (M1)| = |V2| − |W2| − |U ′2| − |V2 ∩ V (M3)|
≥ n− d2 −
√
αn− d3 = d1 −
√
αn ≥ n/4
as claimed.
Pick w1 ∈W ′1, u2 ∈ U ′2 and u3 ∈ U ′3. Given a pair of distinct edges e1, e2 ∈M1,
we say that (e1, e2) is good for w1u2u3 if H contains all possible edges e such that
V (e) ⊆ V (e1 ∪ e2) ∪ {w1, u2, u3} and
|V (e) ∩ V (e1)| = |V (e) ∩ V (e2)| = |V (e) ∩ {w1, u2, u3}| = 1.
If (e1, e2) is good for w1u2u3, then there is a matching M
′ of size 3 in H spanning
the vertex set V (e1∪e2)∪{w1, u2, u3}. Since V1∩V (M ′) ⊆W1 and V (M ′)\V1 ⊆ U ,
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every edge in M ′ is of type UUW1. Therefore, we can obtain a matching, namely
(M − {e1, e2}) ∪M ′, in H that is larger than M consisting only of edges of type
UUW , yielding a contradiction. Hence we may assume that there is no good pair
for w1u2u3. Since |M1| ≥ n/4, we have at least
(
n/4
2
) ≥ n2/64 pairs of distinct
edges e1, e2 ∈M1. Since w1, u2 and u3 are α-good with respect to H ′(n; d1, d2, d3),
there are at most 3αn2 < n2/64 pairs of distinct edges e1, e2 ∈ M1 such that the
pair (e1, e2) is not good for w1u2u3. So there exists a pair of edges in M1 that is
good for w1u2u3, a contradiction. 
Next we prove Lemma 6.1. We are going to consecutively remove 4 matchings
M1, . . . ,M4 from H such that the resulting graph H4 satisfies the hypothesis of
Lemma 6.2. Therefore there exists a perfect matching M5 in H
4 and moreover
M1 ∪ · · · ∪M5 is a perfect matching in H .
Proof of Lemma 6.1. Suppose H is as in the statement of the lemma. Note that
δ1(H) > d3(n, n − 1). Let r and s be the unique integers such that n = rk + s,
r ≥ 0 and 1 ≤ s ≤ 3. Hence, r = ⌊(n− 1)/3⌋. Let U1 ∪W1, U2 ∪W2, U3 ∪W3 be
the partition classes of H with
|Wi| =
⌊
n+ i − 1
3
⌋
=
{
r if i+ s ≤ 3,
r + 1 otherwise
for i ∈ [3]. Since H is ε-close to H ′3(n;n), all but at most 3
√
εn vertices in H
are
√
ε-good with respect to H ′3(n;n). If all vertices are
√
ε-good with respect to
H ′3(n;n), then Lemma 6.2 implies that H contains a perfect matching. Hence, we
may assume that there exists one
√
ε-bad vertex. Given i ∈ [3], let Ubadi be the
set of
√
ε-bad vertices with respect to H ′3(n;n) in Ui. Define W
bad
i similarly. So
|Ubadi |, |W badi | ≤ 3
√
εn for all i ∈ [3]. Let c = max |W badi |, so 1 ≤ c ≤ 3
√
εn. For
i ∈ [3], pick a vertex set W˜i such that W badi ⊆ W˜i ⊆Wi and
|W˜i| =
{
c if i+ s ≤ 3,
c+ 1 otherwise.
Define U0i = Ui∪W˜i andW 0i =Wi\W˜i. Note that |U0i | = n−r+c and |W 0i | = r−c
for all i ∈ [3].
We are going to successively remove matchings M1, . . . ,M5 from H . For conve-
nience, we will use the following notation. Let H0 = H and n0 = n. For j ∈ [5],
let U ji = U
j−1
i \ V (M j), U j =
⋃
i∈[3] U
j
i , W
j
i = W
j−1
i \ V (M j), W j =
⋃
i∈[3]W
j
i
and Hj = H [W j ∪U j ] = Hj−1 \V (M j). Write mj = |Mj| and nj = |U ji |+ |W ji | =
nj−1 −mj .
Recall that |U0i | = n− r+ c. For each v ∈ U0i , there are at most n2− (n− r+ c)2
edges containing v and one vertex in W 0. Hence,
δ1(H [U
0]) > d3(n, n− 1)− (n2 − (n− r + c)2) = d3(n− r + c, 3c+ s− 1).
The last equality holds by the explicit definition of d3(n,m) given in Section 1.
Note that n− r+ c ≥ 2n/3 > 37(3c+ s). Thus, there exists a matching M1 of size
m1 = 3c+ s in H [U
0] by Corollary 1.7.
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Let H ′ = H ′3(n1;n1) on the vertex set V (H
1). Note that if u ∈ U1 is √ε-good
with respect to H ′3(n;n) in H , then u is 2
√
ε-good with respect to H ′ in H1 or else
√
εn2 ≥ |E(LH′3(n;n)u − LHu )| ≥ |E(LH
′
u − LH
1
u )| > 2
√
εn21 ≥
√
εn2,
a contradiction. If w ∈W1∩V (H1) is
√
ε-good with respect to H ′3(n;n) in H , then
|E(LH′w − LH
1
w )| ≤ |E(LH
′
3(n;n)
w − LHw )|+ |W˜2||W 13 |+ |W˜3||W 12 |
≤ √εn2 + cn2/3 + cn2/3 < 5√εn21.
Therefore, if a vertex v ∈ V (H1) is 5√ε-bad with respect to H ′, then v is √ε-
bad with respect to H ′3(n, n) in H . Define U
1,bad to be the set of such vertices. So
U1,bad ⊆ ⋃i∈[3](Ubadi ∪W badi ) ⊆ ⋃i∈[3](Ubadi ∪W˜i) and |U1,bad| ≤ 3√εn. If U1,bad =
∅, then there exists a matching M ′2 of size n1 = n − m1 in H1 by Lemma 6.2.
Thus, M1 ∪M ′2 is a perfect matching in H . So we may assume that U1,bad 6= ∅.
A vertex u ∈ U1,bad is useful if there exist greater than 6√εn2 pairs of vertices
(u′, w) ∈ U1 ×W 1 such that uu′w is an edge in H1 ⊆ H . Clearly we can greedily
select a matching M2 in H1 of size m2 ≤ |U1,bad| ≤ 3
√
εn, where M2 covers all
useful vertices and consists entirely of edges of type U1U1W 1.
Pick u ∈ U1,bad ∩ U2, say u ∈ V1. Note that u is not useful and so the number
of edges in H2[U2] containing u is
degH2 [U2](u) ≥ degH2(u)− 6
√
εn2 − |W 22 ||W 33 |
≥ δ1(H)− 2n(m1 +m2)− 6
√
εn2 − ⌈n/3⌉2 ≥ 6√εn2.
Since |U1,bad| ≤ 3√εn, once again, we can greedily select a matchingM3 in H2[U2]
of size |U1,bad ∩ U2| such that M3 covers all U1,bad ∩ U2.
Note that H3 is a 3-partite 3-graph with each partition of size n3 = n −m1 −
m2 −m3 ≥ (1 − 20
√
ε)n. Let di = |W 3i | for i ∈ [3]. Our aim is to show that every
vertex in H3 is 6
√
ε-good with respect to H ′(n3; d1, d2, d3). Note that V (H
3) ⊆
V (H1) \ U1,bad and H ′(n3; d1, d2, d3) ⊆ H ′. So for every vertex v ∈ V (H3), we
have
|E(LH3v − LH
′(n3;d1,d2,d3)
v )| ≤ |E(LH
1
v − LH
′
v )| ≤ 5
√
εn21 ≤ 6
√
εn31.
Therefore, every vertex in H3 is 6
√
ε-good with respect to H ′(n3; d1, d2, d3) as
claimed. Recall that H ′(n3; d1, d2, d3) contains all edges of type U
4U4W 4 and
U4W 4W 4. Therefore, we can greedily find a matching M4 of size m4 = m1+m3 ≤
13
√
εn edges consisting of edges of type U4W 4W 4.
Finally, notice that all vertices ofH4 are 8
√
ε-good with respect toH ′(n4; d
′
1, d
′
2, d
′
3),
where d′i = |W 4i | for all i ∈ [3]. Note that d′i ≥ 5n4/16 for each i ∈ [3] and
d′1 + d
′
2 + d
′
3 = n−m2 − 2m4 = n−
∑
i∈[4]
mi = n4.
Thus, we can apply Lemma 6.2 to obtain a perfect matching M5 in H4, so M1 ∪
· · · ∪M5 is a perfect matching in H as required. 
Finally, we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. Let γ > 0 be sufficiently small and let n0 be a sufficiently
large integer. Set γ′ = γ5/20 and γ′′ = 3(1200γ +
√
γ/2). Since γ is small,
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H satisfies the hypothesis of Lemma 4.2 with k = 3 and l = 1. Let M be the
matching given by Lemma 4.2 and so |M | ≤ 2γ3n. Let H ′ = H \V (M). Note that
δ1(H
′) ≥ δ1(H)− 2|M |n ≥ (5/9− γ)n′2,
where n′ = n− |M |. First suppose that there exists a matching M ′ in H ′ covering
all but at most γ′n′ vertices in each partition class. Let W = V (H) \ V (M ∪M ′).
Clearly, W is balanced and has size at most 3γ′n. By the property of M , there
exists a matching M ′′ covering exactly the vertices of V (M) ∪W . Thus, M ′ and
M ′′ form a perfect matching.
Therefore, we may assume that there is no matching in H ′ of size (1− γ′)n′. By
Lemma 5.2 taking ρ = γ′, H = H ′ and n = n′, there exists a subgraph H ′′ in H ′
such that H ′′ is 8γ′′-close to H ′3(n
′′;n′′) such that n′′ ≥ (1 − γ′′)n′ ≥ (1 − 2γ′′)n
and 3|n′′. Note that
|E(H ′3(n;n)−H)| ≤ |E(H ′3(n;n)−H ′′)|
≤ 8γ′′n′′3 + 3(n− n′′)n2 ≤ 14γ′′n3,
so H is 14γ′′-close to H ′3(n;n). Therefore H has a perfect matching by Lemma 6.1.

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